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Strong emphasis is placed on minimiza- 
tion. The reduction in the complexity 
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in a substantial improvement in both 
the reliability and cost of a complete 
system. 


The usefulness of this book as a 
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inclusion of as much of the mathe- 
matical foundation for this work as 
possible. As a result, the standard 
undergraduate courses in mathematics 
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PREFACE 


The need for a text which applies switching-circuit techniques to 
vomputer design problems became apparent to the author while teaching 
graduate course on the subject at Northeastern University. This book 
ix intended both as a graduate engineering text and as an aid to the 
practicing design engineer. The wide range of application of digital 
techniques to both military and commercial systems makes them an 
oxsential tool for the systems engineer, whether he is primarily concerned 
with digital systems or not. 

The general subject of switching circuits is concerned with the design 
of networks and systems of networks composed of elements which behave 
like switches. As a result, the impedance of the network can have only 
two values, either high or low, as determined by the settings of the 
switches. The theoretical basis for this work is commonly referred to as 
«witching theory, a complicated and very challenging subject in applied 
mathematics. 

The most important single application of switching circuits is for 
digital systems. The best known examples of such systems are the 
modern high-speed digital computers which consist of hundreds and in 
wome cases even thousands of individual switching-circuit networks. 
The design of these separate networks and even of a complete computer 
wan be greatly simplified through the use of the methods described in 
this book. 

Switching-circuit techniques allow the designer to complete the detailed 
organization of very large systems without drawing a single circuit 
dingram. The resulting equations can then be converted directly to 
logical, or simplified schematic, form. Since this may be the reader’s 
lirst exposure to the problems of designing systems, the strong emphasis 
placed on minimization may seem somewhat unusual. It is important, 
however, because a reduction in the complexity of an individual subunit 
may result in a substantial improvement in both the reliability and cost 
of a complete system. This is particularly true in large-scale computing 
systems, where individual subunits are often used many times in the 
complete equipment. A striking example would be the tremendous 
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savings which result from the elimination of the need for one relay in a 
telephone dial exchange when this saving is applied on a national scale. 

In order to increase the usefulness of this book as a reference and text, 
as much of the mathematical foundation for this work has been included 
as possible. As a result, the standard undergraduate courses in mathe- 
matics provide adequate preparation. 

Although the primary purpose is to present those techniques which 
can be of most use to a computer designer, the subject of switching cir- 
cuits is both young and rapidly changing. A secondary objective is, 
therefore, to present enough theoretical material to enable the student to 
understand and apply new methods as they become available. Further- 
more, a broader understanding of this field may result in new approaches 
and will certainly lead to refinements of the present methods. 

The first chapter is a general introduction to the subject of computers 
and may be omitted by those who are already familiar with them. The 
main text starts with a treatment of Boolean algebra and then applies 
this algebra to the design of some relay networks. Various codes and 
related topics are then discussed, primarily so they can be used in the 
examples and problems in later chapters. Following this, several 
techniques, such as map factoring and the Boolean matrix, are both 
presented and applied, 

The material as given is organized for use in a two-semester course. 
A one-semester course could be based on the first six chapters. If time 
permits, the parts of Chap. 9 which do not use Boolean matrices or 
Chap. 10 could be included. 

The author wishes to thank the many employees of the Waltham 
Laboratories of Sylvania Electric Products, Inc., for their help in pre- 
paring this book. The suggestions and comments of many of the com- 
puter design staff were particularly helpful, and the assistance of Mr. 
Dennis Pendergast on the manuscript was invaluable. 


Warts S. Humpurey, JR. 
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CHAPTER 1 


INTRODUCTION 


One of the most valuable and necessary devices used with electrical 
systems is the switch. Fundamentally simple, it is either open or closed, 
allowing current to flow or blocking it. Switches were commonly used to 
control lighting or other electrical devices until the need arose to control 
many such functions remotely. The development of the relay provided 
sort of mechanical amplifier which could turn on or off large currents 
under the control of a small current. These devices, first used only as 
remote switches, were then applied in a far more versatile way in tele- 
phone systems. Instead of relays being used under the direct control of 
«witches, whole networks of relays were built up which were in turn con- 
trolled by other relays. The dial telephone system, for instance, uses 
many such groups of relays for providing a dial tone, recording the num- 
her dialed, making the connections, connecting a busy signal or ringing, 
and even recording charges. 

Parallel to these developments, much work had been done on calculat- 
ing techniques and devices. Several computing equipments had been 
proposed which could automatically sequence through several steps of a 
calculation, but they were so large and so complicated that none were 
completed until relatively recently. Relays were used in these early 
computers; then electronic devices were substituted. 

The design of such large switching systems is a complicated process, but 
the application of Boolean algebra to this problem represented a major 
ucdvance (24,25). Even then much theoretical and applied work remained 
to be done. The theoretical problems are due to the nature of Boolean 
functions. Since these functions are used to describe the behavior of 
«witching networks, they must havea specific value for each combination of 
settings of the switches in the network. The purpose of using these func- 
(ions is to describe the behavior of the entire network, so that they can 
take only two values: those for an open circuit ora closed one. Asaconse- 
quence, it is not possible to use the powerful approximation techniques of 
ordinary network theory. Every switching element must be considered, 
aince it may provide a possible closed-circuit path through the network. 
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Another significant theoretical property of switching functions is that 
there is no uniqueness theorem for solutions. That is, there may be 
many best answers, each of which is different from the others, but they 
are all equally good. The practical difficulties introduced by this lack of 
uniqueness are formidable. For instance, there is no way of knowing, in 
general, if a particular solution is the best which can be obtained for a 
given problem. In fact, there is no general way of knowing if a given 
solution is even moderately good. 

Many design techniques have been proposed for various types of 
switching circuits, and they all attempt to provide an easy way for 
obtaining alternative solutions which can be compared. The number of 
reasonable alternatives is large even for simple problems, but effective 
design approaches are available for those which involve up to four varia- 
bles or switches. Many of these techniques can be applied to problems of 
increasing complexity, but they become impractical when the number of 
variables is much more than six. The two approaches in these cases are 
either to break the problem into several single ones or to use a computer 
to obtain solutions, 

The use of computers may at first appear to present the easiest way 
out, since their high speed allows the examination of many alternatives in 
# short time, An exhaustion process is, however, not practical because 
even for the sixevariable case there are 10!° possible circuit functions. 
If these were examined at the rate of 1000 per second, about 3 X 108 
years would be required, 

The number and complexity of present digital systems are evidence 
enough that practical solutions are possible. The designer must learn 
to be content with solutions which are perhaps not the best obtainable 
but which are good enough for his purposes. 

Switching circuits can be divided into two basic types: combinational 
and sequential. A combinational circuit is one in which the circuit is con- 
sidered to be in a steady-state condition and the output is determined 
solely by the present input. Sequential circuits, however, have memory. 
The output at any time may depend on a whole sequence of inputs. 

In the design of a sequential circuit, it is first reduced to several com- 
binational circuits and then designs for these are obtained. In the fol- 
lowing chapters, techniques are described which can be particularly use- 
ful in the design of combinational and sequential circuits. 


1.1 Number Systems 


Perhaps the most useful and interesting application of switching cir- 
cuits is in the design of large-scale digital computers. Since computers 
operate on numbers, it is worthwhile to discuss first some of the charac- 
teristics of number systems. 
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If you were asked to explain why addition is performed the way it is, 
you would probably have to think for a while before answering. The 
foundation of our arithmetical system is the decimal positional number 
system, and this number system must be understood before others are 
discussed. A decimal system is used because we have ten fingers, but 
the positional notation is what makes arithmetic as we know it possible. 

When a multidigit number is written, the location of each digit signifies 
the power of ten by which it is multiplied. That is, the number 3649 
represents 


3000 
600 
40 
a8 
3649 


In forming a sum of two numbers, a table of addition is used uncon- 
sciously. We know automatically, for instance, that the sum of three 
and four is seven. Also, whenever the sum of two digits exceeds nine, a 
carry of one is added to the next digit to the left and ten subtracted from 
the present sum. The sum in the next position must then be of three 
digits: the two original digits and the carry from the position to the right. 
If, for instance, the sum of the digits in the 10° place exceeds nine, ten is 
subtracted and then added to the 10! place. Adding a one to the 10! 
place is the same as adding ten to the sum, since every digit in this posi- 
tion is multiplied by ten. In the number 3649, for instance, integer 9 
is associated with 10°, and the carry from the preceding stage is clearly 
yoro, because there are no digits to the right of nine in this number. If 
8649 is added to 2580, we start with the least significant digits, nine and 
yoro, and form their sums one position at a time. The carry from this 
first sum is zero, so the second sum is of eight and four. This time the 
sum of these digits is twelve, which exceeds nine. The sum so far is 129, 
xo the sum of the first two digits is taken as 29 and a one is added to the 
sum of the 10? digits. This is, of course, normal decimal addition, but 
the important point is that sums are formed one place at a time, determin- 
ing at the same time the carry to be used in the next stage. 

In the decimal number system ten symbols are used: zero through 
nine. We call the addition of digits modulo-ten because the sum is still 
represented as one of these ten digits. In this way, the addition of three 
and seven, modulo-ten, is zero. Wecan form addition to any modulus we 
wish, but if we form a sum modulo-N, the sum must be one of the N 
numbers zero through N-1. In general, if a number system with a base 
of N is used, the sums of the individual digits are formed modulo-N and 
the carries formed for the succeeding stages. In some cases, sums 
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modulo N-1 are useful for checking purposes; these will be treated in the 
chapter on codes. 

The base of a number system is called its radix. So far we have talked 
about the decimal system, that is, numbers with radix ten. Some num- 
ber other than ten could be used just as well for the radix. If eight were 
used, for instance, we would be limited to the eight symbols zero through 
seven and the digit positions would represent powers of eight instead of 
ten. This is called the octal system. The number 356 in octal is con- 
verted to decimal as follows: 


3 X 8? = 192 
5X 8= 40 
6X 8°= 6 

238 


so that octal 356 is decimal 238. 

Octal addition is performed in the same way as decimal, only with a 
different set of rules for forming the carries. If, for instance, octal 356 is 
added to octal 288, octal 611 is obtained. 


1.2 Binary Numbers 


The number system with a base of two is called the binary system, and 
it uses only two symbols, zero and one. Numbers are constructed using 
the same rules as in the decimal and octal systems, only now the position 
of a digit specifies the power of two by which it is multiplied. The num- 
ber 1011010, for instance, can be converted to a decimal number as 
follows: 


1 X 2° = 64 
Ox2= 0 
1 X 24 = 16 
1xX2%= 8 
0x2?= 0 
1x2= 2 
0ox2= 0 

90 


so that binary 1011010 is decimal 90. 

Binary addition is performed with the same rules as before, only new 
carry rules are used. In this case, if the sum of any digits exceeds one, 
two is subtracted and a one is added into the next digit sum. These 
rules for sum and carry are shown in Table 1.1. Also, the sum and carry 
bits (binary digits) are shown for all combinations of the input bits in 
Table 1.1e. To find the sum and carry resulting from addition of zero 
and one with a one carry from the bit to the right, we look under A, = 0, 
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TasLe 1.1 Binary Tasies or ADDITION 


\ Bn 
ris Fede 





. Sum with Zero Carry from Preceding 0. Carry with Zero Carry from Preced- 
Sum ing Sum 
(Sn, Cn-1 = 0) (Cs, Cr-1 = 0) 


0 1 





. Sum with One Carry from Preceding d. Carry with One Carry from Preced- 
Sum ing Sum 
(Sn, Cn-1 = 1) (Ca, Cn-1 = 1) 








e. S, and Cy for An, Bn, and Cri 


B, = 1, Ca-1 = land find S, =0,C, =1. Thisisin the second column 


from the right. 
Starting with zero, one can be added several times to demonstrate how 
sums are formed: 


0 1 10 11 100 
cae aos ee ae 
1 10 11 100 101 
and so on. Perhaps the most confusing of these is the second from the 
right. If this addition is formed one bit at a time, the following steps 
are used: 


1 11 11 

11 11 11 
~ +1 +1 oe 

0 00 100 


Here the resulting carry bits are written above the bit to the left. We 
can, of course, form sums of much larger numbers in just the same way. 
lor instance, 
111 11 
82 1010010 
+55 + 110111 
137 10001001 





6 SWITCHING CIRCUITS 


Binary subtraction follows similar rules, except that a borrow is taken 
from the next stage. This is illustrated in the following: 


1010010 82 
—110111 — 55 
11011 27 


Binary multiplication is extremely simple when compared with decimal 
multiplication. In the decimal system, when multiplying 368 times 172, 
we first multiply two times 368 then add to this 70 times 368. In practice 
we forget that this is 70 and merely add seven times 368, shifted one 
digit to the left. One times 368 is then added, shifted two places left. 
In decimal numbers, multiplication by ten results in shifting the number 
one place to the left and adding a zero at the right end. This, of course, 
is because the position of each digit represents the power of ten by which 
it is multiplied. If the entire number is multiplied by ten, every digit 
will be multiplied by a power of ten which is one higher than before. In 
the positional notation this is accomplished by shifting the entire number 
one place to the left. 

In binary numbers, the position of each bit represents the power of two 
by which it is multiplied. If, therefore, a binary number is multiplied 
by two, the number is shifted left one place and a zero added at the right 
end. Multiplying a binary number by a power of two, say 2”, results 
in a shift left of m places and the addition of zeros to the right end. 

Suppose that we wish to multiply 101101 by 1011. The product is 
formed as follows: 

101101 
1011 
101101 
101101 
000000 
101101 


111101111 


It is easy to make mistakes in the simultaneous addition of several 
binary numbers, so the sum of these four numbers can be formed in pairs: 


101101 
+101101 


10000111 
+00000000 


10000111 
+101101 


111101111 
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We have seen that addition and multiplication in binary numbers are 
in many ways simpler than in the decimal system. The operations in the 
two number systems are based on the same rules, which are determined 
by the positional structure of the numbers. 

In the decimal system, the position of a digit represents the power of 
ten by which it is multiplied. Both positive and negative powers can 
be used, so a reference is needed to indicate the location of 10°. The 
decimal point is used for this purpose and is placed to the right of the 
digit which is multiplied by 10°. In the binary number system, positive 
and negative powers of two are used and the reference, or binary, point 
is placed to the right of the 2° bit. In this way the number 101.011 
stands for 


1x2? =4 
0x2! =0 
1x2? =1 
0x271=0 
1X 2° = 0.25 
1X 2-3 = 0.125 
101.011 = 5.375 in decimal notation 


‘able 1.2 shows positive and negative powers of two up to 20. 


Taste 1.2 Powers or Two 











n 2" 2" 

0 1 1 

1 2 0.5 

2 4 0.25 

3 8 0.125 

4 16 0.0625 

5 32 0.03125 

6 64 0.015625 

7 128 0.0078125 

8 256 0.00390625 

9 512 0.001953125 
10 1,024 0.0009765625 
11 2,048 0.00048828125 
12 | 4,096 0 .000244140625 
13 8,192 0 .0001220703125 
14 16 384 0.00006103515625 
15 32,768 0.000030517578125 
16 65 , 536 0 .0000152587890625 
17 131,072 0 .00000762939453125 
18 262,144 0 .000003814697265625 
19 524,288 0.0000019073486328125 





20 1,048 ,576 0 .0000009536743 1640625 


—_— 
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Division in the decimal system consists of a series of trial multiplica- 
tions and subtractions. For each digit we are trying to find the largest 
integer by which the divisor can be multiplied and still be less than the 
remainder. In the binary system these trial multiplications are only by 
zero or one, so that a simple comparison is all that is required. For 


instance, 
10111 


10100}1110.01100 
1010 0 
100 011 


10 100 


11110 
1 0100 


10100 
10100 


00000 
The square-root operation is quite interesting, even in the decimal 
system, Again, in order to see what should be done in the binary system, 
it is first necessary to see why square root is performed the way it is in 
the decimal notation. Let us first see how a number can be squared. 
We know, for instance, that 


(w+ y)* = a? + 2xy + y? 
Next, the square of x +- y + ¢ can be obtained in two steps: 
[e+ (y + 2)]* = a? + aly + 2) + (y + 2)? 
= x? + Qa(y + 2) + y? + 2yz + 2? 
The square of a very large sum, say a + b + c-+d-+ e, would then be 
written 
a? + 2abb+et+d+e)+b?+ We+tdt+e) +c? + 2%x(d +e) 
+ d? + 2de + e? 
= a? + (2a + b)b + (2a + 2b + c)e + (2a + 2b + 2c 4+ d)d 
+ (2a + 2b + 2c + 2d + ede 
This can clearly be extended to sums of any size. A number can be 
considered as the sum of several numbers. For instance, 
387 = 300 + 80+ 7 
The square of this can then be written 
(300)? + (600 + 80)80 + (600 + 160 + 7)7 
= 90,000 
54,400 
5,369 
149,769 
As can be readily checked, 887 squared is 149,769. 
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In taking the square root of 149,769, the most significant digit of the 
answer, 3, is determined first. This can be found easily, since its square 
contributes the term 90,000 to the sum. This term contains four zeros, 
so only the left two digits of 149,769 need be investigated. The largest 
square which is smaller than 14 is 3, so 90,000 is subtracted from the 
original number, leaving 59,769. The next digit can be found by trial 
multiplications of 610 by 10, 620 by 20, 630 by 30, and so forth, until 
the largest one which is still smaller than 59,769 is found. This turns 
out to be 680 times 80 and leaves a remainder of 5369. The last digit 
is similarly found by the trial multiplications of [2 x (380) + 10] X 10, 
|(2 X 380) + 20] X 20, and so forth. The standard form for performing 
these operations is 





3 8 7 
VY 14,9 7,69 
3 9 
6 8 597 
544 
767 5369 
5369 
0 


Square roots in the binary system are performed in much the same way. 
The only difference is that the process is considerably simplified. There 
is, for instance, only one trial multiplication. Also multiplication by 
two in the binary system is the trivial operation of adding a zero to the 
right of the number. An example of binary square root is 


| ieee Cemmes Ue (oes | 
V1 1,0 1,00,1 0,01 





1 1 
101 1001 
101 
1101 10000 
1101 
11100 1110 
0000 
111001 111001 
111001 
0 


Although more could be said regarding binary numbers, this should be 
sufficient to demonstrate how they are constructed and the simplicity 
of binary arithmetic. 


1,3. Computer Circuits 


Digital computers use circuits which are bistable. A bistable circuit 
has two states, and once set in one of these states, it will remain there 
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until changed to the other. This type of circuit is called a flip-flop, and 
in computer equipments, one of these two states is called binary one and 
the other binary zero. Two simple flip-flop circuits are shown in Fig. 1.1. 
In the design of such circuits, the values of the power-supply voltages 
and the resistors are selected so that if one of the tubes or transistors is 


conducting, the other is held off. This can be done easily if we note that 


O+E, 










X’ output O 
O X output 


Set to “10 O Set to “O” 


(a) 
+E, 
X' output 
X output 
Set to “1” Set to “0” 


(b) 


Fia. 1.1 Two basic flip-flop circuits. 


the controlling grid inputs to each of the tubes in Fig. 1.1a are connected 


to the plate output of the other tube. When one tube is conducting, ~ 


its plate is low, holding the grid of the other tube low. This then holds 
the second tube off. If a negative pulse is applied to the grid of the 
conducting tube, it will be turned off. As a result, its plate voltage will 
rise, turning on the other tube, which will then hold the first one off. 
This kind of circuit is called a static flip-flop because it provides a static, 
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or d-c, output for as long as it is left in one state. All static flip-flops 
work in much this manner, although special circuit design requirements 
generally make them much more complicated than those shown in 
Fig. 1.1. 

In working with flip-flops in computer equipment we notice that there 
are two possible outputs. When one of them is high, the other is always 
low. In order to avoid confusion, one of the outputs must be selected 
as the normal output and labeled, for instance, z. The other is then the 
complement or negative output and is labeled x’. It is called this because 
its output is always the opposite of the « output. This terminology is 
from Boolean algebra and will be discussed further in the next chapter. 

Since a flip-flop has two states, it can be used to hold, or store, one bit 
of a binary number. It is said to contain a one when the zx output is high 
and a zero when it is low. A flip-flop register of n stages can be used to 





Fig. 1.2 A binary counter. 


store binary numbers of up to n bits, and these numbers can be determined 
by observing the normal outputs of all n of the flip-flops. These outputs 
can also be used in a purely electronic way by connecting them to various 
types of circuits. When these “logical” circuits are properly designed, 
various operations can be performed automatically. By using two 
registers, for instance, proper logical circuitry could provide the binary 
sum of the two numbers contained in the registers. 

There are many uses for flip-flops and a great number of common 
logical configurations to go with them. One of the most useful arrange- 
ments is the binary counter shown in Fig. 1.2. The flip-flops are drawn 
as blocks, with the inputs and outputs labeled. The set-to-one input, for 
instance, is labeled “1.” Some very simple logical gating circuitry has 
also been included as indicated by the blocks labeled G. These gates 
have two inputs, one from the flip-flop and one from the previous gate 
or the input. The input and various gate outputs are pulses, and as we 
have seen, the flip-flop outputs are d-c levels. The gates for this counter 
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are designed so that a pulse input will be passed on to its output only if 
the gating input from the flip-flop is high. 

In observing the operation of this circuit, it is best to start with all the 
flip-flops in the zero state; that is, the z, y, and z outputs are low, and the 
xz’, y’, and 2’ outputs are high. A pulse on the input will be blocked in 
G, and will be passed by G2 to the “1” input of flip-flop z. We started 
in state 000 and are now left in state 001 because z is set to one by this 
first pulse. The second input pulse will now pass through G, and set x 
to zero. It will also provide inputs to G3 and G4. Since y is still in state 
zero, the y’ output will be high, thus allowing G, to pass this pulse and set 
y to one. This pulse now leaves the counter in state 010. Successive 
pulses will advance the counter through the following sequence of states: 


000, 001, 010, 011, 100, 101, 110, 111, 
000, 001, ete. 


This circuit is called a binary counter because, as can be seen, it counts 
input pulses in the binary number system. The counter shown here is 
rather small, since it can count up to only eight input pulses. Much 
larger counters can be built by merely adding additional stages which are 
identical with those shown. 

This brief introductory discussion is intended to provide a general 
understanding of the problems of designing switching systems and some of 
the uses of these systems. In the following chapters several design 
techniques will be outlined which can be particularly useful in designing 
the different types of circuits used on digital systems. 





CHAPTER 2 


BOOLEAN ALGEBRA 


Boolean algebra, or the algebra of classes, is concerned with the 
behavior of classes of things and their relationships. It was originally 
devised for use in the study of logic and was revolutionary in its time 
because it first described the rules and relationships which propositional 
logic must follow and gave methods for proving the consistency or equiv- 
lence of groups of statements. For instance, the statements all humans 
wre male, some humans are blond, no males are blond are not consistent. 
The statements some humans are male, some humans are blond, no males 
are blond are consistent, though clearly not true. The consistency of a 
roup of statements is only a question of whether or not the statements 
are conflicting. Clearly, the statements all humans are male and some 
humans are blond imply that some males are blond, which conflicts with 
the statement no males are blond. If none of a group of statements con- 
flict, they are then logically consistent. 

Although Boolean algebra was developed particularly for application 
to propositional logic, it has been found to be very useful in solving many 
problems in other fields. This usefulness stems from the fact that a 
physical situation can be considered in the same way as a logical state- 
ment. Different situations can then be compared for consistency or 
oquivalence. 


2.1 Basic Concepts 


The particular properties of classes which are of interest in computer 
design do not depend on the type of things contained in the class. We 
would be referring to classes of people, numbers, ideas, or anything else, 
and the manipulations would still follow the same rules. We start in 
general by defining a class‘as consisting of all things with a certain charac- 
teristic, say the characteristic of being a human or male or blond. Every 
member of the class of humans is a human, whether male or blond or not. 
Mimilarly every human is a member of this class. ; 

A class is defined by the characteristics of its members. If, for 

13 
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instance, two classes have all members in common, they can be said to be 
identical or equal. By having all members in common we mean that 
every member of the first is a member of the second as well as every 
member of the second a member of the first. This is clear when we con- 
sider the class of males and also the class of blond males. Obviously 
every member of the second is a 
member of the first, but not the 
reverse. By defining the class of 
humans, for instance, we are really 
defining two classes. The first, of 
course, consists of all humans, and 
the second contains everything 
which is not human. These two 
classes have no members in com- 
mon, and there is nothing which 
is not a member of one of them. 
A third class can then be defined 
containing everything which is a 
member of either of these two classes. This last class, that consisting 
of everything, is a very important one in Boolean algebra and is called 
the universal class. 

Next consider the universal class as divided into two classes, those 
things that are human and those that are not. This arrangement can 
be drawn in a picture, or Venn diagram, as shown in Fig. 2.1. In this 
diagram, the universal class is 
drawn as a square, and the shaded Not male 
area is the class of humans. The Not human 
unshaded area is therefore the 
class of things which are not hu- 
man. Itisimportant to note here 
that we are concerned only with 
the properties of classes and not 
with the number of members they 
contain. Similarly, the size of the 
area which is drawn to represent a 
class is of no importance. This is 
because we are interested only in 


Not humans 





Fia, 2.1 





Fia. 2.2 


classes and how they are related and not with the number of members — 


they contain. 

Consider another class, say the class consisting of all males. Certainly 
some humans are male as are some animals, so a Venn diagram which 
represents the humans by z and males by y is as shown in Fig. 2.2. The 
class of humans z is horizontally lined, the class of males y is vertically 
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lined, the class of male humans is crosshatched, and the class of non- 
human nonmales is unshaded. The universal class is therefore divided 
into the four areas shown in Fig. 2.3. These are 

a. The class of female humans 

b. The class of male humans 


c. The class of males not human 
d. The class of nonmale nonhumans 


The classes could have been referred to by the symbols x and y instead 
of by the characteristics of their members. In this way, the diagram in 


(a) (b) 





(c) 
Fie. 2.3 a. ay’. b. ry. c. vy. de x'y’. 


Wig. 2.3 is divided into the same four areas, but they are now labeled 


a, x and not y 

b. w and y 

c. y and not x 

d, Not x and not y 


These four areas are sometimes called the minterms, or minimum areas, 
of w and y. They are called minterms because they represent the four 
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minimum classes which can be defined by x and y. By minimum class 
we mean that any class defined by x and y must contain these four mini- 
mum classes. Consequently, they can be considered as indivisible or 
minimum classes and hence the name minterm. 





Fie. 2.4 aa’ ty ba +y. acaty. dirty. 


Maximum classes, or maxterms, of x and y can be specified in much the 
same way. These are shown in Fig. 2.4 and are designated as follows: 


a. y or not x 

b. Not x or not y 
ce. x or not y 

d. xory 


These classes are called maxterms because they are the four maximum 


classes which can be defined by x and y. The class x or y can be seen to 
include all members of class x as well as all members of class y. For 
instance, the class which has members with the characteristic of being 
human or male clearly includes all humans, whether male or female, as 
well as all male creatures, whether human or not. The only things which 
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are not members of this class are those which have the characteristics of 
being both not human and not male. 

So far, classes and properties of classes have been discussed in terms of 
(heir members. It is possible to treat the concepts of or, and, and not as 
algebraic operations and thereby construct an algebra of classes. The 
classes themselves are treated as variables in this algebra, and a set of 
rules can be constructed for their manipulation. The possible manipula- 
(ions are combinations of and, or, and not, and it is common practice to 
we the arithmetic operations of product and sum for and and or, respec- 
lively. Not, or negation, is generally indicated by a prime; that is, not 
w is written as 2’. Using this notation, we can now call the various 
shaded classes in Fig. 2.3 


a, vy’ for x and not y 

b. wy for x and y 

ce, xy for y and not « 

d. «’y’ for not x and not y 


he shaded classes in Fig. 2.4 are 


a, «’ + y for y or not x 

b, x + y’ for not x or not ¥ 
co, « + y’ for x or not y 

d, « + y for x or y 


In addition to being simpler, a mathematical expression is more precise 
than a verbal statement. Consider, for instance, x’ + y. <A written 
statement for this could be not x or y, but it is not clear whether the not 
yolers to the expression x or y or just to x. In writing, it is difficult to 
spocify clearly the extent of application of the negative, while in the 
iiathematical notation we are able to use parentheses or primes. 

There are two special classes in Boolean algebra which deserve special 
attention. These are the universal class, of which everything is a 
inomber, and the empty class which contains no members. The numer- 
loal values of one and zero, respectively, are commonly assigned to these 
‘lasses. The fact that one is used to stand for the universal class and 
wro for the empty class results in some similarities between some of the 
operations of Boolean algebra and ordinary algebra. As a result, the 
properties of zero and one must be defined carefully so they are not con- 
fused with the properties normally associated with these symbols. 

We have seen earlier that one, or the universal class, can be divided into 
the two classes « and x’. A class x + 2’ can be defined with these two 
lasses, and everything must be a member of this new class. As a result, 


e+e’ =1 


SS  —  ——L—<—— —— 
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Similarly, an additional class can be defined which contains all things 
which are members of both x and x’. Since x and x’ have no members 
in common, this last class must be empty. This means, then, that 


zz’ = 0 


The operation of not is sometimes referred to as the negative. There- 
fore, x’ is the negative of x and x is the negative of x’. The negation 
operation, when applied to class z, refers to the class composed of all 
those things which are not members of x. If we consider the relation- 

ship of these two classes on a Venn 
diagram, it is clear that x’ is the 
entire area on the diagram except 
for that covered by z. 

The negation operation can be 
applied to any class to obtain an- 
other. If, for instance, a class is 
defined as composed of the mem- 
bers of « which are not members 
of y, this class is zy’ and is shown 
as the shaded area in Fig. 2.3a. 

Fie. 25 The negative of this class is (ry’)’, 

where the parentheses indicate 

that the prime is to be applied to the entire expression which they contain. 

The negative of zy’ is the entire area on the Venn diagram except that 

covered by xy’, or the unshaded area of Fig. 2.3a. This same class is 
shown in Fig. 2.4a as the shaded area, which means that 


(yy =a +y 
By comparing Figs. 2.3 and 2.4, the following relationships are obtained: 


(zy’)’ =a’ +y 
(ry)’ =a’ + y’ 
(a’y)’ =a+y’ 
(yy =aty 
and their reverse: 
, 


(2’ + y)’ = ay 
(x' + y')’ = xy 
(@t+y') =a'y 
(e+ y) =2'y' 


The negatives of these expressions are obtained then by priming every 
unprimed letter, removing the prime from every primed letter, and 
replacing a sum with a product and a product with asum. The way this 
relationship was obtained did not depend on the number of variables 
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involved, so that this rule applies quite generally, even for very large and 
vomplicated expressions. 

Another important relationship is that of inclusion. The expression 
» is included in x means that every member of the class z is a member of x. 
In the earlier example, x was the class of males. If z is taken as the class 
of all boys, this leads to the relationship shown in Fig. 2.5, which is 
abbreviated z < a. 

Venn diagrams can be drawn to 
show the relationships of three 
Variables, as shown in Fig. 2.6. 
Ilere we have the three classes 2, 
y, and z, each with some areas in 
“vommon; in fact, the Venn dia- 
ram shown here gives every pos- 
sible combination of the three 
Variables by one of eight mini- 
ium areas, or minterms. These 
terms are wy"2', a’y’z, x'y2', x'yZ, 
wy'e’, vy'z, xyz’, and xyz. 

In this case, considering z the class of all males, y the class of all blonds, 
and z the class of all children, the shaded area is one of the minimum 
avoas and represents the class of all blond girls, or 2’yz. 





Fia. 2.6 


9.2 Properties of Boolean Algebra 


The properties discussed so far are intuitively obvious in terms of the 
ilofinition of a class. The next step is to examine the properties of the 
three operations and, or, and not. 

In constructing an algebra which can be used for dealing with symbols 


which represent classes, it is important to consider first the most rudi- 
inentary properties of the operations involved. Several of the rules 
which these operations follow are the same as some of the laws of ordinary 


alwebra. In constructing a set of rules for the algebra of classes it is 
wonvenient to use the standard mathematical names for these rules. 
These names themselves are not important, however, as long as it is 
wnderstood that all these rules are obtained from the properties of classes 
which we have already discussed. 

Before going further, the concept of inclusion should be defined. The 
expression « < y means that every member of x is a member of y. We 
therefore say that # is included in y. A number of properties of classes 
oan be defined using inclusion. For instance, « < 2 is called the reflexive 
property, and it means that every member of x is a member of #. This 
ls obviously true by virtue of the definition of x. The antisymmetric 
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property is if < yandy <2, thenz = y. This is clearly true because 
these conditions require that the classes x and y have all members in 
common. The transitive relationship is ifz < yandy < z, thenz < z. 
This states that if every member of x is a member of y and every member 
of y is a member of z, then every member of x is a member of z. 

We next consider the sum and product operations of a class with itself. 
These are called the idempoint relations and are 


w= 
ztt+rez=2 


These expressions follow from the properties of classes when we realize 
that class xz has all members in common with class z. The same reason- 
ing, of course, holds for class x + a. 

The commutative law states that the order in which an expression in 
two variables or classes is written is immaterial: 


ry = yx and aty=yt2 


The associative law defines the way parentheses are used. Three 
variables which are joined by a common operation can then be grouped 
in the following ways: 
ax(yz) = (xy)z 
et+(y+z)=(@t+y) +2 


The commutative and associative laws look familiar and therefore 
seem obvious. In formulating the laws of the algebra of classes, however, 
we cannot accept something merely because it looks familiar. Each of 
the laws must be examined to see that it follows logically from the 
properties of classes. The fact that these two laws do logically follow 
from the properties already discussed can be easily verified by consider- 
ing the members of the classes involved. 

The properties of the empty class 0 and universal class 1 are 


ata’ =1 zz’ = 0 
O<az<l 
20 =0 vl=2 
zt+0=2 e+1l=1 
In first discussing the universal class and the empty class, the following 
expressions were used to define them: 
z+2'=1 
e zz’ = 0 
The inclusion relationship then follows logically. 


The proof that <0 = 0 can be made as follows. We know that xz’ = 0, 
8o it is substituted to give x0 = 2(xx’). The associative law can then be 
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used to give x(x’) = (xx)x’, and the idempoint relations reduce this to 
wx’ which is zero by definition. The remaining three expressions can be 
verified in a similar way. 

The distributive law defines the ways in which factoring can be done. 
As in the case of the commutative and associative laws, two expressions 
are required for this law. They are 

aly + 2) = zy + xz 
a+ ye = (e+ ye +2) 
‘The first of these again looks familiar, but it can be easily shown to follow 
from the basic properties of classes with the aid of a Venn diagram. The 
second expression can be verified in the same way and can also be derived 
from the first. This can be done by starting with the right side and 
Applying the first statement of the distributive law, which gives 


(a+ y)(e +2) = a(x +2) + y(@ +2) 
Applying this again gives 
aie +2) + y(a+2) = cea + az+ ya + yz 
The idempoint relation zz = x reduces this to 
we + az t+ ye tyz=a+re+ yx t+ yz 
lty the properties of the universal and empty classes, x = x1, so we get 
xtazet yx t+ ye =alt+azet+ yr t+ yz 


and the first expression of the distributive law can again be applied to 
tive 
tltatyrty=2(l+2z)+ ya + ye 


I'rom the properties of the universal class we know that 1 +z = 1 and 
wl = x, so 


el+z)+yrtyz=a+ yet yz 
lty applying the associative law we get 


atyet+ ye=x+aryt yz 


which can be reduced in the following steps: 
etaeyty=alt+ayty=a2ilt+y)+y 
=a + yz 


Aa a result we have shown that 
atye = (e+ y)(e +2) 


The operations of sum, product, and inclusion are al) related in a 
particular way. The statements « < y, zy = 7, «+ y = y are equiva- 
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lent, even though they appear to be quite different. These are called 
the consistency relations, and their validity can be demonstrated by 
considering the members of the classes involved. 

The statement that x is included in y means that all members of z are 
also members of y. The class zy is composed of only those members that 
belong to both z and y, but every member of « is included in y, since & 
is included in y. As a result, if « <y, then zy =z. Similarly, the 
class x + y is composed of all those members which belong to either x or 
y. Since every member of x is a member of y, x + y is the same as the 
class y. This, then, proves the consistency relations. 

The consistency relations can be very useful in proving other laws or 
relations. One in particular is the law of absorption, which is 


@xpression within the primed parentheses. DeMorgan’s theorem can 
thon be applied to take the negative of the complete expression. An 
example of this is the following: 


(zy + 2)'(w + 0’) 


‘I'he prime is removed from the parentheses by applying DeMorgan’s 
theorem to its contents, which yields 


(o! + yew +0’) 
And the negative of this can be obtained directly by the same theorem: 
ay tet+ w'v 


ele + y) = 2 and ctoy=2 {i summary, the laws and properties which have been discussed are 


In proving these, first note that paflexive: {OR every 2 =o 
Idempoint: az=axandx+2=2 
act(@t+ty=@+a)+y=2r+y Antisymmetric: ife <yandy <2xthenz =y 
by the associative and idempoint laws. From the consistency relation- — : ; ifs Sy andy Szthenz Se 
ship, x + z = zand wz = 2 are equivalent. By substituting x + y forz, ommutative: si ae ae ety=yte 
sce wae. that Ansociative: a(yz) = (xy)z zt(iyte) =(@t+y)+e2 
Distributive: xy +2) = cy + 22 x+ yz = (e+ y)(a4 +2) 


et(a+ty)=axt+y and a(a+y) =2 


are equivalent, which proves the first expression in the law of absorption. 
The second can be demostrated in much the same way. 

The last and perhaps most important of the basic relationships needed 
is summarized in DeMorgan’s theorem, which is to take the negative or 
complement of a Boolean expression, prime every unprimed letter, unprime 
every primed letter, and interchange sums and products throughout. An 
example of this in a simple expression is 


(xy)’ =a’ + y’ 


Notice, however, that the theorem makes no reference to parentheses, 
so that negatives of much more complicated expressions may be taken 
directly without first reducing them to sums of products or products of 
sums. For instance, starting with the following expression 


(ay + z)w 

its negative can be taken directly and is 
(2! + y')2’ + wv" 
In order to take the negative of complicated expressions which contain 


primed parentheses, it is advisable first to remove the primes from the 
parentheses by using DeMorgan’s theorem to take the negative of the 


WWmpty class and universal class: 


va’ = 0 ata’ =1 O0O<a<l 
x0 = 0 xc+1l=1 a+0=2 wl=2 


Consistency: a<y ry = 2 x+y = y are equivalent 
Absorption: aia+ty)=ax+ay=2 
eMorgan’s theorem: (2’)’ = x (ay =a’ +y’ (e+ y) = 2’y’ 


The properties of multiplication and addition in Boolean algebra are 
juite different from in ordinary algebra. For instance, of the two state- 
monts of the distributive law, only one holds in ordinary algebra. The 
{important point is that for every rule for addition, there is a rule for 
jiulliplication and vice versa. In the distributive law, the first state- 
mont is 


a(y +2) = «cy + 22 


If, in this expression, every sum is replaced with a product and every 
product with a sum, we get 


a+ye=@+ye+2) 


which is the second statement of the distributive law. 
This illustrates the so-called duality principle of Boolean algebra. 
livery operation has a dual which is obtained by replacing sums with 


ee 
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former, even though the two are algebraically the same. Some of the 
ways by which expressions can be simplified are demonstrated in the 
following examples. 

Example 2.1 Reduce to simplest form 


(e+ y) + (az + y) 
lty applying the associative and commutative laws this can be changed to 
(@+y) + @et+y) =(e@+2z)+ (y+y) 


l}ut the law of absorption and the idempoint relation give 


products and products with sums as well as replacing ones with zeros 
zeros with ones. Using duality, the properties of zero can be wri 
down and the properties of one obtained directly: 


rx’ = 0 


has a dual which is 
e+e’ =1 


The other properties of one can be obtained in the same way. 
Duality is an interesting result of the laws of Boolean algebra 
provides a useful symmetry to the operations. If one equation is v: 
its dual is also valid, as is its negative and the dual of its negative. 
proving one relation, we have, therefore, proved four. For instance, 
first expression of the distributive law is 


rt+x=xandy+y=y 
#0 (@t+ty)+@ety=r+y 


is the simplest form. The simplest form of the dual expression can now 
u(y + 2) = ay + xz also be obtained directly: 
The dual of this is 
ry (x + z)y = ay 


(t + y)(u + 2) 
The negative of the first expression is 


gq’ + y'2! = (a’ + y’) (x! + 2’) 


x+ yz 
Example 2.2 Reduce to simplest form 

a'y'2! + rye! + zy’2! 
ar See The first step is to apply the commutative and distributive laws to the 
second and third terms and then use the properties of the universal 
Class: 


a'(y’ + 2’) _ x'y’ + a’2! 


2.3 Algebraic Operations aye! + ay’e! = we'y + xe'y! = 22'(y + y’) = xa!(1) = ze! 


In using Boolean algebra as an aid in the analysis and design of swit 
ing systems, the first step after obtaining an algebraic expression is 
reduce it to simplest form. The way in which these expressions can 
obtained from the statement of a design problem will be discussed in ] 
chapters. As we shall also see, the form of an algebraic expression 
a direct relationship to the complexity of the required circuit. 
result it is desirable to simplify the expression as much as possible, si 
circuit complexity is thereby reduced. Actually the type of cire 
components used determines to a large extent the criteria for simpli 
of an expression, but we shall here consider a very simple means 
measuring this. In the remainder of this chapter, the simplest form. 
an expression will be defined as that form which contains the least num 
of occurrences of variables or literals. For instance, 


' (z + y)(@ + 2) 


contains four literals while 


The same process can be used with the first and third terms, giving 
w' y's! + ay’2! a y'2’. 

‘To substitute these into the original expression, notice that the term 
wy's’ is needed twice. By the idempoint law, however, xy’2’ + ay’z' can 
he substituted for zy’z’. The resulting expression can then be rearranged 
with the aid of the commutative law to give a’y’z’ + xyz’ + xyz! + ay'z’. 
‘The terms y’z’ and xz’ can now be substituted directly for 2’y’z’ + xy’z’ 
wnd xyz’ + xy’z’, respectively, to give 


a'y'2! + yz! + zy’2! = y’2! + 22! 
Hut even this can be further simplified by applying the commutative and 
(istributive laws: 
y’2! + xz! = 2’(y’ + x) 

Which is the simplest form of the original expression. Again, the dual 
of the original expression has a simplest form which is the dual of this 
«+ yz rowult; 

(a! + oy! + e')@ ty + e’)(e + y! +2’) = 2! + ay’ 


only contains three, so we would say that the latter is simpler than 
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Example 2.3 Reduce to simplest form 84 Canonical Pomne 



















z+a'y In working with Boolean algebra it is often desirable to write expres- 
sions in some standard form, and the two most common ones are the 
minterm canonical form and the maxterm canonical form (23). When an 
expression is written in one of these two canonical forms, it can be com- 
pared with any other expression in the same form, and if the canonical 
forms are identical, the expressions must be equal. 

In the beginning of this chapter a Venn diagram for the two variables 
« and y was shown divided into the four minimum areas 


This expression can be negated, simplified, and again negated to give 
the answer. In this case, 


S(x,y) =a2+ x'y 
~ faynaraty)=vrt+ ay’ = xy 


by DeMorgan’s theorem, the distributive law, and the properties of the 
empty set. Again taking the negative, the answer is 


fay =at+y ay 

ig : x'y 

As before, the dual of this gives us the additional relation a 
a(a’ + y) = xy ry 


Any expression composed of the two variables x and y can be represented 
i an area on this diagram. The sum of the particular areas of these 
four which are included in the diagram is the canonical expansion in 
ininterm form. The same canonical form can be obtained algebraically. 
lor instance, the expression x + y includes the three areas x’y, xy’, and 
ty; 80 


Example 2.4 Reduce to simplest form 
[e'(y + 2) @ ty + a(e'y’2’y’ 
The first step is to reduce the primed parenthesis by DeMorgan’s 
theorem, which gives 
(e+ y'z\(at+y +2(a+yt2) 


The expressions in the second and third parentheses can be reduced by 
the commutative and distributive laws and the properties of the universal 
set: 


ety = 2’y + ay’ + ay 


‘The individual terms in this expression are called minterm canonical 
lorms, or minterms, and each one contains both of the variables x and y, 
wither primed or unprimed. All the possible combinations of primed and 
unprimed z’s and y’s are included in the complete set of four minterms. 
If a 0 is written for a primed letter and a 1 for an unprimed letter, then 
(the four combinations 2’y’, x'y, xy’, and zy are, respectively, 00, 01, 10, 
11, ‘These are the binary representations for the decimal numbers 0, 1, 
¥, and 3, and these numbers can be used in a shorthand notation for the 
ininterms. 

‘The shorthand used is 


(@@tzety)@+ezt+y) 
=(r+z)+y'y - 
= («+ 2) 


This leaves the original expression in the form 
(x + y’z)(x + 2) 
The first term is next expanded by the distributive law 
(a + y’)(a + z)(@ + 2) 


(x+y +2)(@+yt 2) 


mo = x'y’ (00) 


m, = x'y (01) 
and the idempoint and distributive laws are applied to reduce this to m2 = xy’ (10) 
x + y’z, which is the answer in simplest form. ms = xy (11) 


The number of different minterms which can be constructed for two 
variables is four, because there are four different ways in which the two 
letters can be primed or unprimed. If a third letter z is added, this will 
tlouble the number of minterms required for three variables. In the 
fame way, each time a variable is added, the total number of minterms is 
(loubled, For n variables, 2" minterms are required. The eight min- 


There are many ways in which the fundamental laws and properties of 
Boolean algebra can be used, and each step of an algebraic manipulation 
must be based on them. These steps can be taken one at a time and 
justified in detail, but this process becomes quite tedious for even rel 
tively simple problems. In the following sections, these detailed ste 
have been omitted in many cases in order to simplify the explanations, 
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terms for the three variables x, y, and z are 


mo = x’y’z’ (000) 
m, = x’y’z (001) 
mz = xyz’ (010) 
m3 = x'yz (011) 
ms, = xy’z’ (100) 
ms = xy’z (101) 
me = xyz’ (110) 
m, = xyz (111) 


These minterms can be combined in various ways to obtain any 
expression in the three variables x, y, andz. For instance, x is made up of 
the four terms ma, M5, ™., and m7 as shown below. 


x= m+ ms + me + My 


xy’2’ + acy’z + xyz’ + xyz 
xy’ (2! + 2) + ay(2’ + 2) 


which leads to 
= ay +a =2y’+y)=2 


Any expression of z, y, and z, f(z,y,z) can be expressed in the following 
way: 


f(a,y,Z) = aomo + aymy + ame + agms + agms + ass + agms + amy 


where either 0 or 1 is substituted for each of the a’s to obtain the desired 
expression. In order to write z this way, we set ao = a1 = a2 = ag = 0 
and a4 = a = a5 = a7 = 1. All the a’s could be made zero, and in this 
case, f(x,y,z) = 0. 

Since each of the a’s will be given one of the two values 0 or 1, the 
total number of such combinations is two raised to a power equal to the 
number of different a’s. The number of a’s is the same as the number of 
minterms, which, for'n variables, is 2. As a result, the number of func- 
tions which can be constructed in this way is 2. Since any function of 
n variables can be constructed by this method, the total number of 
Boolean functions which can be constructed from 7 variables is 2”. For 
n = 2, this number is 16, and all these 16 functions of « and y are shown 
in Table 2.1, together with the appropriate values for the a’s. 

The method for expanding a function into minterm form is to apply the 
commutative, associative, and distributive laws and the properties of 
negation. 

The first step is to determine how many variables are required in the 
minterm expansion. This is done by examining the original expression 
and seeing how many variables it contains. This is the largest number of 
variables required in the expansion. Clearly, if one or more of these 
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TaBLE 2.1 PosststE BooLEaN FUNCTIONS OF & AND y AND THEIR 
MinTERM EXPANSIONS 








ao a1 a2 a3 Minterm expansion Boolean expression 
0 0 0 0 0 

0 0 0 1 zy 

0 0 1 0 ay’ 

0 0 1 1 mez + ms x 

0 1 0 0 my, x’y 

0 1 0 1 m, + ms y 

0 1 1 0 m, + me a’'y + 2y’ 
0 1 1 1 m, + me + Ms zt+y 

1 0 0 0 mo a’y’ 

1 0 0 1 mo + ms a'y’ + acy 
1 0 1 0 mo + Me f 

1 0 1 1 mo + mz + ms x+y’ 

1 1 0 0 Mo oa my, x’ 

1 1 0 1 mo +m, + ms ve+y 

1 1 1 0 mo + 1m, + me vty’ 
1 1 1 1 mo +m, + me + ms 1 





variables can be eliminated in simplification, it would be desirable 
because the number of minterms required would be cut in half. Next 
the expression is successively expanded in a sum of products form until 
each product term contains all the required variables. The following 
examples should illustrate this method: 

Example 2.5 Expand xy + 2’z into minterm form. 

Since the three variables x, y, and z are all used and none can be elimi- 
nated, this must be expanded into a three-variable minterm form. The 
lirst term zy contains no z and must be expanded into two terms which 
each contain a, y, and z. 


xy(1) = ty(z + 2’) 
= syz + xyz’ = mz + Me 


vy 


Likewise, x’z contains no y: 


ve=veyty’) =aryet a2'y’2 = m3+ m 
80 zy + v’z = m+ ms + me + m7 


in minterm form. 

Example 2.6 Expand x + yz’ into minterm form. 

Again three variables are needed, so the z is first expanded to product 
(orms, each containing all the variables: 


w= xy’ + y) = wy’ + zy = xy'(e’ +2) + zy’ + 2) 
= ay'2! + ay’e + aye’ + xyz = m+ ms + my + mM, 
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The yz’ is next expanded as follows: 
yz’ = ye'(x’ + x) = a’y2! + ay2’ = m+ Me 
Rearranging this and eliminating repetitious terms gives 
x + ye’ = me + m+ ms + Me + M7 


The minterm canonical form has a dual, the maxterm form. Any 
function can also be expanded into the maxterm canonical form, where 
each maxterm is the sum of the required variables, either primed or 
unprimed. For the two variables x and y, the maxterms are 


vty’ = Mo 
eo +y= My, 
z+y’ = M, 
et+ty=Ms; 


The abbreviation for maxterm is a capital M with a subscript which 
gives the decimal equivalent of the binary numbers representing the 
combinations of primes on the variables. 

The maxterms for the three variables x, y, and z are 


Mo=2x'+y +2 Me=aty +2’ 
vty +z Ms=xty +2 
M,=2'+y+2' Me=atyt2’ 
Mz;=2'+y+2 M,=x+y+z 


s 
ll 


As was the case with minterms, any function can be expanded into 
maxterm canonical form and therefore can be expressed by the dual of 
the form used earlier: 


f(x,y,2) = (Bo + Mo)(61 + M1)(B2 + Mz)(8s + Ms)(Bs + Ma) 
(8s + Ms)(Bs + Ms)(87 + Mz) 


where the #’s are either 0 or 1, depending on which maxterms are to be 
included. Notice that if a particular 8 is one, the maxterm associated 
with it is not included in the expansion. All the 16 possible functions 
of the two variables x and y are shown with their maxterm expansion and 
the values of 6 in Table 2.2. 

Functions can be expanded into maxterm canonical form in much the 
same way that they are expanded into minterm form. The two examples 
which were used to demonstrate minterm expansions will be used again, 
only this time to demonstrate how to obtain a maxterm expansion. 

Example 2.7. Expand zy + 2’z into maxterm form. 

This must be expanded into the three-variable maxterm form, since 
x, y, and z are all used. Since these maxterms are sums of x, y, and z, 
it is first necessary to reduce the above expression to terms containing 
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TasLe 2.2 PossrsLe BooLEAN FUNCTIONS OF & AND y AND THEIR 
MaxtTerM EXPANsIONS 

















Bo By Bo 8s | Maxterm expansion Boolean expression 
1 1 1 1 1 1 

1 1 1 0 M; z+y 

1 1 0 1 M: zty’ 

1 1 0 0 M.M; x 

1 0 1 1 M, ve’ +y 

1 | O 0 1 M,M, (a’ + y)(a@ + y’) 
1 | O 0 0 M\M.M; ry 

0 1 1 1 My a’ +y’ 

0 1 1 0 MM; (a’ + y')(a + y) 
0 1 0 1 M.M2 y’ 

0 1 0 0 M\M.M; xy’ 

0 0 1 1 M\M, x! 

0 0 1 0 M\M.M; a'y 

0 0 0 1 M.M\M, x'y’ 

0 0 0 0 M\M.M2.M; 0 














sums of letters, joined by products. Using the commutative and dis- 
(ributive laws, 
ay + 2'z = (zy + x')(ay + 2) 

= («+ 2')(y + 2')(a + z)(y + 2) 

= (yt a’)(e+2)(y +2) 
he first term contains no z, so it is expanded. This is done by adding 
yoro, or zz’, and expanding by the distributive law. 

ety aetyte’ = (’ +tyteae’t+yt2’) = MM, 
Mimilarly, 
xr+2 


eet yy’ 


(etyte2a(ety +2) =MMs 


and 

yte=ytetae’=(e@tytae’t+yt+2) =MiM; 
Mince all the terms are multiplied together, the final expansion is the 
product of these separate expansions: 


ay + 2’2 = M3;M2M;M;M7M; = M.M;M;3M7 


Example 2.8 Expand x + yz’ into maxterm form. 
Again, using the same procedure, 


a+ ye = (aty(et2’) 
ety=atyten’ =(@tyta@w@tyt+2) = MiMe 
ate =at]dty =(atytey(etyt+2) =MoM, 

no x + ye’ = M,M.M, 


ple eens sie 
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2.5 Canonical Transformations 


The sum of all of the 2” minterms of n variablesis one. This was shown 
before for the two-variable case on a Venn diagram, but it is not difficult 
to prove for any number of variables. In order to do this, the sum of 
all the 2” minterms of n variables is written 


(ays Db ee tyes) Eee 

+ (xy ss )bee ty: -) 
The first half of the terms contain x’ and the second half contain x, so 
that these may be factored out: 


2 i eR) (SC 


Now that the x’s have been removed, the two expressions within the 
brackets each contain all combinations of the other variables in primed or 
unprimed form and so are equal. As a result, this can be again factored 
to give 


(v’ + a)[(y°-+-)+ see tye YH ee DH tt +t) 


The variable x is now eliminated, and the sum of all the minterms con- 
taining the n — 1 remaining variables is left. This process can then be 
continued until only one variable is left. This would leave the expression 
z+ 2’, but this equals one, which proves the original statement. 

The sum of any function and its negative is equal to one, and the 
product of a function with its negative is zero, by virtue of the properties 
of the universal and empty classes. This means that if the sum of any 
two functions is one and their product is zero, they are each the negative 
of the other. 

If the sum of all 2" minterms of n variables is written, we have 


Mo + m+ +s + mere + mr = 1 


The subscript on the last term is 2" — 1, since mo is included and 2” 
terms must give 2” — 1 for the subscript of the last one. Now, isolating 
the mo term 


mo + (m, + srt Mere + mM2"_1) =1 


But since the sum of these two functions is 1, they must be negatives of 
each other if their product is zero. The product of any two different 


minterms must be zero, however, because they both contain the same_ 


variables with different combinations of primes, and at least one variable 
is then primed in one and not in the other. As a result, 


my = m+ ++ + + mere + mora 


In this same way the sum of any group of minterms can be selected and 
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the sum of the remaining minterms is their negative. Again, the expres- 
sion from Example 2.5 can be used to demonstrate this. 

Example 2.9 Show that the negative of the expression zy + 2’z is 
mo + me + mg + ms. 

In Example 2.5, zy + 2’ = mi + m3 + meg + mz, so the negative of 
(his expression must be the remaining minterms, or mo + m2 + mg + ms. 
‘This can be demonstrated by taking the negative of the original expression 
und then expanding it. 


(xy + 22)’ = (x + y')(e + 2’) 
his is combined to a sum of products form: 
+ y')@ +2’) =a (a +2’) + y'(a + 2’) 
a! + a'2! + y'x + y'2! 
g'2! “fe zy’ ++ y'2' 
And these terms are each expanded to include the missing variables: 


g'2! — ala (y + y’) = a’ ye! + a'y'2’ = Me + Mo 
sy = cy’ (2+ 2’) = xyz + ay’2’ = m+ m 
y'2! = ye! (a os x’) = xy’! + a'y'2! =m 4 mo 
No (a + y’)(@ + 2’) = mo + m+ m+ ms, which is the desired 


answer. 


‘he identical process can be applied to maxterm expressions, only the 
foasoning is somewhat different. In this case, the fundamental relation- 
ship is that the product of all 2" maxterms of n variables is equal to zero. 
he proof of this is very similar to that used for the minterms and will be 
left as an exercise. 

I'rom the properties of the negative, the product of a function and its 
hogative is equal to zero. The product of all 2” maxterms of n variables is 


MoM:M2 +: +: Mer»Mo1 = 0 
Isolating one or more of these terms, say Mo, 
M,(M.M,2 sats M2"_2M 2"_1) = 0 
and M> plus the remaining terms equals one, so that 
My = MiM2:- > Mor 2Mor1 
Au a result, the negative of a function expressed as the sum of minterms or 
product of maaterms is the minterms or maxterms not contained in the original 
Junction, joined, respectively, by sums or products. 
The next step in working with canonical expansions is to see how an 
éxpression in one form can be converted into one in the other, that is, 


given the minterm expansion of a function, how it can be converted to the 
iiuxterm expansion and vice versa. 


34 SWITCHING CIRCUITS 


The way that this conversion is performed is to take the negative of 
the original expression twice, each in a different way. This process 
leaves the function in its original form but transforms the canonical 


expansions from one form to the other. 

In seeing both how this is done and why it is so, we examine what 
happens when DeMorgan’s theorem is applied to a complete minterm 
expansion. As an example, the expansion obtained in Example 2.5 is 


used: 
ay + a'2 = x'y'2 + a’ye2 + rye’ + xyz = m1 + ms + Me + my 
The negative of this, by DeMorgan’s theorem, is 
(xtytey(cty tee ty +2)(e' +y' +2) = McMiMiMo 


This result is a maxterm expression where each maxterm is obtained from 
the corresponding minterm by priming every unprimed variable and 


unpriming every primed one. 


The subscripts which are used for the minterms and maxterms were 
obtained from the combinations of primes in the expression; that is, a 
one is substituted for every unprimed variable and a zero for every primed 
variable. In terms of the binary numbers then, taking the negative in 


this way merely replaces each one with a zero and each zero with a one. 


This operation is called taking the one’s complement. In the three- 
variable case, the decimal equivalent of the binary one’s complement of 


0 is 7, and that of 1 is 6. A table of all these is shown in Table 2.3. 


Taste 2.3 Onr’s CoMPLEMENTS oF THREE-PLACE Binary NUMBERS 








Decimal Binary One’s Decimal 
number | equivalent | complement | equivalent 

0 000 111 7 

1 001 110 6 

2 010 101 5 

3 oll 100 4 

4 100 011 3 

5 101 010 2 

6 110 001 1 

7 lil 000 0 








As can be seen from this table, the one’s complement of a number can 
be taken in decimal form by subtracting it from 2" — 1. In the five 


variable case (n = 5), the one’s complement of 19, for instance, is 
23—-1—19= 32-11-19 
= 31 — 19 
= 12 
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‘his means, for this case, that 


tA 

Mi, = Mig 
/ 

My = My 


i 

My = Mir 
/ 

My, = m2 


and i 


Now, given a function in either minterm or maxterm form, it is easy to 
xpress its negative in the other form by taking the binary one’s comple- 
ment of the subscripts as described and changing capital to lower-case 
m’s or vice versa. Following this, the negative can be taken by the 
method described earlier, by writing down all the terms not included in 
(he expression. By this process, the negative of the function is taken 
\wice, thus returning it to its original form and changing from minterm to 
inaxterm form or vice versa. 

As a result, to convert an expression from minterm to maxterm form 
or from maxterm to minterm form, perform the following two operations: 

|. Replace capital M’s with lower-case m’s or vice versa and give them 
subscripts which are the decimal equivalent of the binary one’s comple- 
ment of the original subscripts. 

2. Write down all the minterms or maxterms which are not contained 
in this expression. 

This gives the original function transformed to the other canonical form. 

Actually, these steps can be taken in either order, and the amount of 
Work required can be quite different, depending on this order. As an 
oxample, in the four-variable case there are 16 minterms and 16 maxterms. 
If it is required to convert an expression containing three maxterms to 
iminterm form, it is best to take step 1 first and then 2. The reason is that 
(he number of terms which would have to be written would be three from 
step one and 13 from step two, or 16. If step 2 were taken first, 13 terms 
would result and step 1 would also give 13, requiring that a total of 26 
lorms be written. 

As a general rule, if the number of terms is less than half of the total 2” 
lorms, it is more economical to take step 1 first, and if it is more, step 2 
should be taken first. If the number of terms is exactly (2"-1), the steps 
tan be taken in either order with equal ease. A few examples should 
serve to illustrate this point. 

Example 2.10 Convert the three-variable minterm expression m,; + 
Ny +> me to maxterm form. 

Since the number of variables involved is three, there is a total of eight 
powsible terms. In this case it is clearly easier to take step 1 first. This 
ives 




























(my + mz + me)’ = MeM5M, 

Mlop 2 then gives 

(M,M5M,)’ a M.M:2M;M.M, 
ao my, a Me —+- ms = M,\M.,M;M,4M, 
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Example 2.11 Convert the three-variable expression mo + ms + 
ms + me + m7 to maxterm canonical form. 
In this case the number of terms is five, or more than half of the total 
of eight, so that step 2 should be taken first. This gives 


(mo + mg + ms + me + Mz)’ = mM + Ms + Ms 


2.6 Boolean Relationships 


The process by which functions are simplified is very similar to the 
factoring operations of ordinary algebra. The various rules which have 
been described in this chapter as well as many of the special relationships 
can all be used. . 

The law of absorption is very useful in minimizing an algebraic 


Step 1 gives 
expression: 


(m1 + m2+ ms)’ = M.M:M, 
so that mo + mg + ms + me + m7 = MiMsMe 


Example 2.12 Convert the three-variable expression M,iM;M¢. to 
minterm form. 
Step 1 should be taken first, giving 


(M,M;3M,)' = me + ma + M 


a(t¢+y)=2 and ectay=2 


Even if x and y are replaced by very complicated expressions, this law 
still holds. For instance, in simplifying. 


(AB’ + C)! + (A’ + B)(A’ + C)(D)(A + BY(C’) 


the first term is (A’ + B)C’ when the negative indicated by the primed 
parenthesis is taken. This expression is contained in the second term. 
Taking 


and step 2 then gives 
(me + ms + m1)! = Mo + M2 + Ms + Ms + Mr 


80 MiM3M¢ = mo + m2 + ms + ms + Mz LA ot By 
: i y = (A’+ C)(A+ B’)D 
Example 2.13 Convert the four-variable expression M)M4Ms5M7M¢- gives atay=x 


MyMyuMu.M,; to minterm form. In the four-variable case (n = 4) 

there are 16 minterms or maxterms, and since this expression contains 

more than 8, step 2 should be taken first. 
This gives 


As a result, the original expression reduces to 
(A’ + B)C’ 
Other useful relationships are the following: 


(e+ ye’ + 2z)\(yt+2) = @t+y)(e' +2) 
and . sy talet ye = acy +2'2 


MiM.M3M 6M 3M 3M 14 


In taking the binary one’s complement of the subscripts, remember that 
the existing subscript is subtracted from 2” — 1, which, in this case, i 
24—1= 15. 


So step 1 gives To prove this, start with the last term on the left of the first expression 


and expand. 
(yt+tz)=(+yta2@t+yt2) 


The complete expression is now 


(+ ye’ +z)\(ety +2)e' +y +2) 


Rearranging, this gives 


(at+y(etyt+a2(2 + 2)\(2' + y+ 2) 


Ity the law of absorption, the first two terms are (x + y) and the second 
two are (x + z), which proves the relationship. The proof of the second 
relationship follows in the same general way. 

In simplifying expressions, the law of absorption and these additional 
relationships can be very useful. Often one of them can be applied by 
inspection, saving a great deal of work. Each problem should be 


mrs + m3 + mie + my + m7 + M2 + M1 
as the answer. 


Canonical forms are useful for three different reasons. The first i 
that every Boolean function has one and only one minterm expansio 
and one and only one maxterm expansion. In proving the equality 
two functions they can both be expanded to the same canonical form, an 
if the two expansions are identical, the functions are equal. 

The second use for canonical forms is that they can aid in provin 
various rules in switching theory. That is, the concept of canonic 
forms can be useful in our work, since they provide a generalized form i 
which any function can be written. The third reason is that they can 
used in a number of special techniques for reducing functions to the 
simplest algebraic form, 
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examined carefully at every step to see if one of these rules can be used, 
and if it can, the work will be greatly simplified. 
Example 2.14 Simplify the expression [(A + B’)B]’ + A’(B + C)D. 
On the first inspection, it does not appear that this can be simplified 
directly, but the distributive law can be used to simplify the left-hand 
expression, leaving 


(AB) + A’(B+ C)D 
Applying DeMorgan’s theorem gives 
A’+ B’+ A'(B+ C)D 
Interchange the first two terms: 
B'+ A’ + A(B+ C)D 
Now, the law of absorption can be used, so 
[((A + BBY + A(B+C)D = B' + A’ 
Example 2.15 Simplify the expression 
A'B + D'B(CE + A'E') + C[A + B(A + D'E’)] 
If this is expanded by the distributive law, it results in 
A'B + D’BCE + D'BA'E' + CA + CBA + CBD'E' 


but A’B + D’'BA'E’ is A’B by the law of absorption, also CA + CBA 
is CA by the same law, so this leaves 


A'’B + AC + D’BCE + CBD'E’ 
In addition, the following rule was just proved: 
A'B+ AC = A’B + AC+4+ BC 


If this is substituted in the previous expression, the last two terms can 
be eliminated by the law of absorption: 
A'B + AC + D'BCE + CBD'E’ 
= A/B+ AC + BC + D’BCE + CBD'E’ 
= A’/B+ AC+4+ BC 
= A’B+ AC 


This last is the solution in simplest form. 


2.7 Summary 


Boolean algebra provides an algebraic method for dealing with classes 
of things. Classes are first considered in terms of the properties of their 
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members. The class consisting of all members with the property x is 
called class 2, and that with all members which simultaneously have 
properties x and y is class zy. Similarly, that class consisting of all 
members which have one or both of the properties z or y is called x + y. 

A universal class, one, is defined as that class containing all members 
Which either do or do not have property x. Since the class which does 
not have property z is x’, the universal class is 


z+a2’=1 


The empty class, or zero, consists of all those members which simul- 
\aneously do and do not have property x. This class is clearly empty, 
or has no members, and is 

zz’ = 0 


I’rom these basic properties, the following relations are obtained for 


all « and y: 

Reflexive: | 

Idempoint: we =xandx+2=2 
Antisymmetrie: ife <yandy <athenz = y 
‘Transitive: if <yandy <zthenz <z 
Commutative: xy = yx 


rty=yte 
x(yz) = (xy)z 
et(ytz)=(@+y)+z2 
x(y +z) =ay+ xz 

a+ yz = (© + y)(@ + 2) 


l'mpty class and universal class: 0 <a < 1 


Associative: 


Distributive: 


rx’ = 0 rte’ =1 
x0 = 0 za+1l=1 
x+0=2 zl =z 
Consistency: xr<y wy =2 x+y = y are equivalent 


Absorption: e(a+ty)=x+ay=2 


le Morgan’s theorem: (2’)’ = x 

(zy) =a ty (ty) =2y’ 
Mpecial relationships: xy + a’z + yz = czy + 2’z 

(e+ ye’ +2)\(yt+z) = (@t+y)@' +2) 


‘These laws and relationships provide a set of rules for manipulating 
¢lasses in an algebra. Standard or canonical forms are constructed with 
these rules as a means for treating generalized expressions. 

This algebra of classes, or Boolean algebra, is used extensively in the 
following chapters to describe the behavior of digital circuits and can be 
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2.20 Using the generalized form for an expression in maxterm form, obtain the 
simplest form for all the three-variable expressions for which fo = 62 = Bs = 0, 
A) = Be = Br = 1. 

2.21 Convert the following three-variable canonical expressions to maxterm form: 
(a) mo + ms + mz; (b) mi + me + ms + me; (c) mo + m1 + ms + Ms + Ms + M7. 

2.22 Convert the following three-variable canonical expressions to minterm form: 
(a) M.M.M7; (b) M.M;3M.M;; (c) M;M.M;M.M7. 

2.23 Prove that the product of all 2" maxterms of n variables is equal to zero. 

2.24 Prove that cy + 2/2 + yz = zy + 2’2. 

2.25 Simplify the following expressions: (a) (2'y + xy’) + (2’y’ + zy)[(@ew + y)’ 
yz! +2'w']; (b) (a’ + be’) (be! + bd)(f’g +b + ad’)(a + bd); (c) [xye’ + x’y2’ + 
oye tie ty tedaety +2Qaety tae’ ty teo@’ty¥+atet+ 
ytdiety tere’ ty tedety teyt¢@+yta@ty tei. 


an extremely valuable tool in the analysis and design of digital systems. 
The minterm canonical form will be used extensively in this later work. 


PROBLEMS 


2.1 Using the three classes consisting of males, blonds, and children, draw a Venn 
diagram for each of the following classes and shade the appropriate area: (a) blond 
women; (b) blond boys; (c) women who are not blond. 

2.2 Using the classes of males, blonds, and children, draw a Venn diagram and 
shade the class consisting of either blond boys or men who are not blond. 

2.3 Using the classes of males, blonds, and children, draw a Venn diagram and 
shade the class consisting of either blond men or children who are either males and 
not blond or blonds and not male. 

2.4 Draw a three-variable Venn diagram and label the eight minimum areas in 
terms of x, y, and z. 

2.5 Draw a separate three-variable Venn diagram for each of the eight maximum 
areas. Shade the areas and label them in terms of 2, y, and z. 

2.6 Draw athree-variable Venn diagram for each of the following classes and shade 
the appropriate areas: (a) x’y + az; (b) x(y’z + yz’); (c) (@@’ + y)(a +2’). 

2.7. Draw a three-variable Venn diagram for the negative of each of the following 
classes and shade the appropriate areas: (a) zy’ + 2’2’; (b) a’(y +2)(y’ +2’); () 
(az’ + y)(2'z + y’). 

2.8 Using Venn diagrams, show which of the following are included in (x + y’ 
+ 2)(a! + y +2"): (a) aye’ + a’yz; (b) (@ +2)y'; ©) @ + ye’. 

2.9 Using only the commutative, associative, and idempoint relations and the 
property « +2’ = 1, prove thatz-+1=1. Justify every step by the relation or 
property used. 

2.10 Using only the distributive and idempoint relations and the properties, 
za’ = 0,2 +2’ =1, and zl =a, prove thatz+0=2. Justify every step by the 
relation or property used. 

2.11 Apply DeMorgan’s theorem directly to the following expressions: (@ 
(a + y’)z; (b) (ab! + ed’)e’; (c) (wa' + y)(2’ +’). 

2.12 Apply DeMorgan’s theorem to the following expressions (leaving no primed. 
parentheses): (a) (a’b +c)'d +e’; (0) [(@+y'zw+ at b’c)'d+flg +h); © 
{z’ + y[x + a’b(c’ + d’e)’)’}. 

2.13 Reduce the following expressions to simplest form: (a) zy(z’ + y’ + 2’)5 
(b) a’y'z + ay’z’ + xy’z; (c) a’y2! + x'y2 + ay’ + cye’ + xyz. 

2.14 Reduce the following expressions to simplest furm: (a) wx(w’ + zy’); (b) 
(a’ + b)(b’ +e)(c' +b’); (©) zw toy to’ ty’) +2. 

2.15 Reduce the following expressions to simplest form (with no primed paren- 
theses): (a) a{b[a’(db)’]’}’; (b) u’+ {vw + lo’ + cy(u + 2)')}'5 © {[eey)'@’ +y + 
zee’ + y)'} + y’. 

2.16 Construct the three-variable minterm canonical forms for (a) (a + 6)(c’ + bv’); 
(b) (@ + b)(0’ +.c')a’e’; (c) (& +2)(a'y + ay’). 

2.17 Construct the three-variable minterm canonical forms for (a) (a’ + b)(c’ + 
a) +d; (b) (e’ +a(ety tz) +40 @t+y)@ +2)’+@ +yy' +2). 

2.18 Construct the three-variable maxterm canonical forms for (a) zy + y’z + 
z'y’z’; (b+) @ +b +0)! +.abc! + b’e; (c) xy’ + z'y'2. 

2.19 Using the generalized form for an expression in minterm form, obtain the 
simplest form for all the three-variable expressions for which a = a1 = a3 = as = 0, 
ay = a = 1, 





CHAPTER 3 


RELAY CONTACT NETWORKS 


Boolean algebra can be used to describe the performance of computer 
circuits and systems. It is particularly useful because the form of an 
expression can often lead directly to the logical design of a circuit or even 
of a complete system. In order to show how this algebra can be used in 
design, it is best to start with a brief description of the relay and then 
apply Boolean algebra to some relay-circuit problems. 

Although relays are not widely used in modern computers, they are 
simple components and afford an excellent example of the correspondence 
between an algebraic expression and a circuit. There are many design 
techniques which can be used with various types of computer components, 
and these will be discussed in later chapters. 


3.1 The Relay 


To apply Boolean algebra to relay circuits, the meaning of the various 
symbols must be established. A closed or short circuit is represented by 
1, and an open circuit is represented by 0. Any letter (usually x) is 
used to represent the relay contacts; x’ stands for the normally closed 
contacts. There are a number of symbols which are used to represent 
the normally open and normally closed contacts of relays, but the two 


25 - gee. ete 
os 
(o) () (e 


Fig. 3.1. a. Normally open or front contacts (x). b. Normally closed or back con- 
tacts (x’). c. Transfer contacts. 


x x 
—o— Ss oxo 


t= 


shown in Fig. 3.1 are the most common. The contacts are drawn with 
the ‘“‘wiper,” or moving element, horizontal, the front contact below 
with its arrow not quite touching the wiper, and the back contact above 
with its arrow against the wiper. 
Each of the elements in a relay is generally built of springy material 
and is called a spring. A single normally open contact therefore has two 
42 
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springs: the wiper and the front contact. A transfer contact has three 
springs: the wiper, the front contact, and the back contact. In general, 
the number of springs used is a measure of the complexity of a relay circuit. 
As a result, the objective of such a design is to minimize the number of 
springs. 


3.2 Application of Boolean Algebra 


Boolean algebra is concerned with classes. If a circuit contains a relay 
v, the class of conditions of the circuit in which relay x is operated can be 
represented by class x. If the circuit contains another relay y, the class 
of circuit conditions in which y is operated can be similarly represented 


nyt 


xy 


(a) (b) 
Fia. 3.2 





by classy. With two relays in a circuit, there are just four possible states 
of the circuit: z and y released, x operated and y released, y operated and 
w released, and x and y operated. These are clearly the four minimum 
reas on the Venn diagram in Fig. 3.2a. 

Next, a class can be defined which consists of all those conditions 
under which the circuit is operated. If this class is zy, the area shown in 
lig. 3.2b is shaded. This means that the expression zy can be used to 
eee a relay circuit which is 7 : 5 
vlosed only when both x and y o—o— 
are operated. Similarly, the class Eats 
i -+- y, shown in Fig. 3.2c, repre- y 
sonts a relay circuit which is closed (a) 
when either x or y or both z and y 
are operated. 

The two most basic configurations of relay contacts are shown in 
lig. 3.3. If two sets of relay contacts are in series, the circuit is closed 
only when both pairs of contacts are closed. The algebraic expression 
for an a and a y contact in series is therefore zy. Similarly, the expression 
for the parallel connection ofan x and a y contact is z+ y. 

More complicated networks can be built up in steps, treating combina- 
tions of variables just like the individual variables. Such a network is 


(b) 
Fic. 3.3. a. Series. b. Parallel. 
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shown in Fig. 3.4, and the steps followed in its analysis are shown in Fig. 
3.5. In step a, the expression for front contact x in parallel with back 
contact y’ isx + y’. This combination is now in series with back contact 
2’, giving (x + y’)z’.. This entire configuration is in parallel with front 
contact w, yielding the final expression 


(e+ y')e’ + w 


Since an algebraic expression can be written from a circuit and con- 
versely a circuit can be constructed from an algebraic expression, all the 
simplification techniques used in Boolean algebra can be applied to 
switching-circuit problems. As a result, we can start with the statement 
of the required circuit action and write down the corresponding algebraic 


statement. This statement can x x 

then be simplified algebraically, z 

and then the circuit drawn. | | 
Unfortunately, this is not the y y 


whole story, since some of the trick- (a) (b) 
iest simplification techniques come 


x 


















(c) 
Fie. 3.5 a xct+y’. 
ce. (a ty’)z’ +u. 


Fia, 3.4 b. (x + y')2’. 
into play at this stage. The reason for this is that Boolean algebra repre- 
sents the circuit function and not its method of construction. For some 
simple types of circuits, the algebraic expression can be converted directly 
into the ultimate form. For more complicated circuits, namely, either 
bridge or multiterminal arrangements, the Boolean matrix techniques 
described in later chapters can be used. 

The process of designing a simple relay circuit is, then, to simplify the 
algebraic problem statement as much as possible and then draw the circuit. 
This is illustrated in the following examples. 

Example 3.1 Design a two-terminal circuit using the three relays 
z, y, and z such that the circuit is closed when any two but not three of 
the relays are operated. 

The algebraic statement of these conditions is 


S(x,y,2) = vye! + xyz + x'y2 
because these are the only three-variable minterms which contain two 
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unprimed and one primed variable. Since an unprimed variable repre- 
sents a contact which is closed when the relay is operated and a primed 
variable represents a contact which is closed when the relay is released, 
these minterms clearly represent the required conditions. This expres- 
sion can be simplified to give 


S(z,y,2) = a(ye’ + yz) + a’yz 
‘This is one form of the circuit, and another can be obtained by noting that 
za + x'b = (x + b)(x’ + a) 
As a result, 
f(x,y,2) = (@ + ye)(x' + ye’ + yz) 


These two circuits are drawn in series-parallel form in Fig. 3.6. The 
number of springs used by both of these circuits is 16, and this can be 
reduced to 13 by using transfer contacts, as shown in Fig. 3.7. 


ae oes 


z 


(a) 


x 


(a) 


x 
Tee 





(b) ‘(b) 
Wa. 3.6 a. f(x,y,z) = x(y2’ + y’2) Fia. 3.7 a. f(z,y,z) = xyz’ + y’z) 


b. f(x,y,z) = (x + yz) 


+ x’yz. + x’y2. 
b. f(x,y,2) = (@ + ye) 
(a’ + y2' + y’z). 


(a’ + y2’ + y’2). 


These two circuits are equivalent, since they both perform the same 
function and use the same number of springs. There is, therefore, no 
way of choosing which is best. This illustrates one of the problems in 
awitching-circuit design. That is, there may be several “‘best”’ circuits 
for a given function. Actually, these circuits can be improved somewhat 
by using the bridge-circuit techniques discussed in a later section of this 
chapter, 
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Example 3.2 Construct a four-relay circuit (four-variables) which is 
closed under the following canonical conditions: 


f(w,x,y,2) = m1 + M6 + Miz 
The problem is first restated in four-variable form and then factored. 


f(w,x,y,z) = w'a'y’e + w'xy2’ + way’e’ 
Tanta yt 


xz! (w'y + wy’) + w'a'y'z 


The resulting circuit is drawn in Fig. 3.8 and uses 16 springs. It can 
also be reduced slightly with the use of a bridge circuit. 


3.3. Network Manipulation 


In Chap. 2, the various operations in Boolean algebra were justified 
in terms of the abstract concept of classes. When the relay circuits 
which correspond to the various 
algebraic expressions are drawn, 
many of the relationships are ob- 
vious. The usefulness of this alge- 
bra for switching-circuit design, 


Zz 
however, stems largely from the ° a ne 


fact that some of these operations 


x 


(a) 





(b) 


Fia. 3.8 Fig. 3.9 a. f(x,y,z) = 2 + yz. 
b. f'(z,y,2) = 2'(y’ + 2”). 


are not obvious in circuit form. In addition, the circuits for compli- 
cated functions are often so large that minimization without the use of 
algebraic techniques would be very difficult. 

One of the most important single relationships in Boolean algebra is 
DeMorgan’s theorem, which provides the negative of a Boolean expression 
by inspection. As an example, 

f(u,y,2) = 2 + ye 
f'(@wyz) = a'(y' + 2’) 
The two circuits corresponding to these expressions are shown in Fig. 


3.9. Since the application of DeMorgan’s theorem results in inter- 
changing sums and products as well as unpriming the primed variables 
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and priming the unprimed ones, a series-parallel circuit for the original 
function can be directly converted to a circuit for the negative function 
by interchanging series and parallel combinations and front and back 
contacts. It is important, however, to remember the distinction between 
an algebraic expression of a circuit function and the circuit configuration. 
There are many possible circuits for any given expression, and only one 
of them corresponds exactly to the form of the algebraic expression. In 
uddition, only series-parallel circuits can be converted directly to a circuit 
for the negative function. 
The law of absorption relates three algebraic expressions: 


aet+y)=xc+ay=2 


‘he three circuits for these expressions all perform the same function and 
x x 
x Y 
' | af be 'p 
o—o—- Y 
x 
y o—o i. (a) 
” x 
es aa Te ry. 
y y % 
aes amen ales (b) 


Fie. 3.10 Law of absorption. Fie. 3.11 a c+a/y=xut+y. 
b av’'(eat+y’) =2'y’. 


re shown in Fig. 3.10. Two other relationships are shown in Fig. 3.11 
und are given by the following pair of equations: 


rtey=aty 
x! (x + y’) = ay’ _ 

In examining these circuits, the second equality is much more obvious 
than the first. Since these two pairs of circuits represent functions which 
re negatives of each other, we see that it might be helpful in some cases 
(o examine the series-parallel circuit for the negative function during the 
simplification process. Since circuits can be easily converted to the 
egative form only if they are series-parallel, circuit manipulations should 
hot be carried too far with the negative function. It is wisest to stop 
with a series-parallel circuit and convert back before attempting to obtain 
further simplification by using bridge elements. 

‘The reason for using Boolean algebra, however, is to replace the process 
of trial-and-error circuit simplification with the more rapid and straight- 
forward algebraic techniques. By using them, not only can we take 
advantage of all the operations which have already been proved, but the 
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become complicated, the algebraic solution is not only more convenient 


tedious process of drawing many circuits is saved. An example of the but often the only’ prasteanl aperoach. 


relative ease of the two methods is the following: 

Example 3.3 Simplify the circuit shown in Fig. 3.12. tye 

Before examining the algebraic steps in the solution, it is best to go 
through the circuit process shown in Fig. 3.13. The circuit in a is the 
original circuit redrawn to elimi- 
nate one of the z contacts. This 
step is justified, because closure of z 
will close the last two legs of the net- 
work regardless of whether the par- 
allel contacts are closed or not, and 

eater if z is not closed, the circuit must 

make continuity through the z back contact in the middle of the network. 

In step b, one of the x front contacts can be eliminated because it is in 
series with an x back contact and closure of that contact could not com- 
plete a closed circuit. 

Step c combines the two remaining x contacts into one transfer. Asa 
result, the y front contact is in series with a y back contact, so both the 2’ 


x 
x x y 
x x 
y 
y z 
y z (b) 
(a) 


ee cl. Y 
(c) 


(d) 


3.4 Bridge Networks 


One of the most useful properties of relays as switching elements is 
that they are bilateral. That is, they conduct current just as well in 
one direction as in the other. Although most electronic systems use 
basic elements which do not exhibit this bilateral property, many useful 
devices do. Even though some of these are discussed in later chapters, 
i. discussion of the use of the bilat- 
oral properties of relays provides a 
worthwhile introduction. 

A network containing elements 
which conduct current in both di- 
rections is called a bridge network. 
Relay bridge networks often use 
fewer springs than the correspond- 
ing series-parallel circuits because 
the bilateral property permits 
greater simplification. Boolean al- 
gebra is useful in obtaining series- 
parallel circuits, but more compli- 
wanted techniques must be used for 
bridge networks. For the simple 
vircuits discussed in this chapter, 
(lirect manipulation of the circuits 
in the easiest approach. The alter- 
itive relay notation shown in Fig. 3.1 is most convenient for bridge net- 
works, since it allows easy recognition of bridge combinations. 

The simplest type of bridge circuit is shown in Fig. 3.14. As can be 

moon by comparing the circuits in @ and 6b of this figure, the symbolic 
notation can be of real help. 
The algebraic expression for this circuit can best be obtained by 
#xumining all the possible conditions under which it is closed. This can 
he done by tracing the different paths through the circuit and writing 
(lown the relays that must be closed in order to close each path. These 
paths are drawn in Fig. 3.15, and the expressions are as follows: 










Fig. 3.13 


and y contacts in that line can be eliminated. This results in the final 


circuit shown in step d. : 
In the algebraic reduction, the following steps are simple and self- 


explanatory: 


(a+ ya’ +2@tyt+2) =@t+y)@+2"y) 1. ay 
= 2(2 + y’) a. vw 
. 8, wew a 
This example should serve to illustrate the relative ease of the algebrai 4. vay 


method of simplification even for such a simple case. When the problems 
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Since all these paths are in parallel, the resulting algebraic statement for 
the circuit is 
f = xy + vw + xcew + vzy 


Paths 3 and 4 pass through z in opposite directions, thus using the bilateral 
property of the z front contact. 

The bilateral nature of relay 
contacts is not always used, even 
in bridge circuits. This is true 
because, even though it is possible 
for the individual circuit elements 
to conduct in either direction, cir- 
cuit continuity may not be possi- 
ble in both directions. 

The following examples start 
with the circuits which were ob- 
tained in Examples 3.1 and 3.2 and obtain additional reductions in spring 
requirements by using bridge elements. 

Example 3.4 Reduce the circuit shown in Fig. 3.16a to a form which 
uses only 11 springs instead of the 13 used in Example 3.1. This circuit 
is redrawn in the symbolic notation in Fig. 3.16b. The reduced algebraic 
expression for this circuit in Example 3.1 was 


f(ey,z) = aye’ + y’2) + 2’y2 


After the algebraic expression has been simplified to this stage, it is next 
worthwhile to see if there is any likelihood that further simplification is 
possible. This can be done by seeing what variables are required by the 
algebraic statement and how many springs must be used to include all 
of them with no duplication. In this case, the absolute minimum that 
could be achieved would be nine springs or three transfer contacts, one 
for x, one for y, and one for z. Since 13 springs are now used, some sim- 
plification may be possible. Next, since only one transfer contact is 
used for x, simplification is possible only with the y and z contacts. 

After rewriting the circuit, it is clear that the two z front contacts 
connect to the output. The obvious first step is to see if the two z front 
contacts can be merged as shown in Fig. 3.16c. The way this is deter- 
mined is to see if any new paths are provided which were not there before. 

Figure 3.16d shows the four paths through the resulting circuit which 
are 





Fig. 3.15 


x'y2 
xyz! 
. a'yy'yz’ =0 
, cys 


awe 








RELAY CONTACT NETWORKS 51 





Y 
x Zz 
y 
(e) 
Fia. 3.16 


Path 3 does not provide continuity, so it is discarded, leaving the 
original expression 


S(x,y,2) = xyz’ + xyz + x’ yz 


which again factors to 


S(&,y,2) = a(y2! + yz) + 2'yz 


The final circuit uses 11 springs and is shown in Fig. 3.16e. 
Example 3.5 Reduce the circuit shown in Fig. 3.17a to 15 springs 
from the 16 used in Example 3.2. The reduced algebraic expression was 


f(w,x,y,2) = xz'(w'y + wy’) + w'x'y'z 


The circuit is redrawn in Fig. 3.17b and then examined for possible 
simplifications. Clearly, both front and back contacts are required for 
mach of the four variables, since none of them were eliminated during the 
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which is the same as the original expression in Example 3.2. The final 
circuit is redrawn in Fig. 3.17e and uses 15 springs. The way in which 
one spring was eliminated from this circuit was to add one spring for x by 
making the transfer contact into separate front and back contacts and 
then to eliminate two springs by merging the two w back contacts. 

Often bridge circuits have to be rearranged into a more complicated 
form before they can be further simplified. Sometimes several different 
Arrangements must be tried before the best one is found. 

Example 3.6 Design a minimum relay circuit from the following 
iilgebraic expression: 


x y x y 
S(wya,y,2) = 2(a’ + w'y’) + w'ry2’ , Ay 
z' w z' w' 
It is clear that x, y, and z all re- . - 
y’ w x 
(a) (b 


algebraic simplification. Both the x and z relays use only three springs 
each, which is the minimum possible. The variables w and y use five 
springs each, so that simplification here may be possible. In Fig. 3.17), 
there is no way to combine w or y contacts without first complicating the 
circuit, so that some change must be made. One possible change i 


quire a transfer contact and w a 

back contact, so that the minimum ) 

which could be achieved for this wy wi 
vircuit is 11 springs. A first try at fk 
vonstructing a circuit for this ex- . 0 : 0 
pression is shown in Fig. 3.18a@ and ‘ ic : . id) 7 


takes 15 springs. This can be im- 
proved to 12 springs by combining 


(he two w’ terms as shown in Fig. g y 3 
§,18b. S 

The only possibility for further (e) 
simplification is to obtain a trans- Fie. 3.18 


for contact for z, but this does not 

Appear possible with the circuit as it stands. The next approach is to 
slurt with a transfer contact on x and see what can be done. In order 
to do this, the problem statement is first expanded to give 


S(w,x,y,2) = 2’2 + zw'y! + xw’y2’ 
(e) 


Fic. 3.17 The two terms containing x are first drawn as in Fig. 3.18c; then an 


allempt is made to insert the zw’y’ term without introducing unnecessary 
springs. The y’w’ term can be inserted in series with the existing z 


shown in Fig. 3.17c and is simplified in Fig. 3.17d. The various path 
fontact by connecting the y’ as shown. This is possible because 


through this network are checked to see if any errors were introduced: 


w'y’a’z 


wy’ xz’ 
w! yxz! 
wy’yy't’z = 0 


ale + zw’y’ = 2/2 + xew'y’ 
The final circuit uses 11 springs, which is the minimum possible, and is 


shown in Fig. 3.18e. 


This last example illustrates a point which is not always easy to under- 
sland, namely, that the simplest form of an algebraic expression may not 
yield the simplest relay circuit. This one fact causes both the circuit 


Since this last path is zero, the resulting algebraic expression is 


f(w,x,yje) = w'y'a'e + w'yxe! + wy'ae’ 
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designer and the theoretical investigator a great deal of difficulty because 
it means that many designs must be attempted before a satisfactory one 
is found. In addition, the theoretical minimum number of springs is 
rarely achieved. This is the point at which both experience and care 
begin really to pay off. If the designer draws his circuits with sufficient 
care so that he can recognize various configurations, he may well save 
hours of work. For this reason it is important to draw circuits in a con- 
sistent manner and attempt to utilize symmetrical patterns as much as 
possible. 


‘This expression can be simplified in the following steps: 


f’ ad’ + b’(c’ -. e’)|[f’ + c’(b’ + e’)] 
a'(d’f’ + d'c'b’ + d'c'e’ 4. fio'c + fo'e +. b’c’) 
= a’(a’f’ -+ d'c'e’ + f'b’e’ + b’c’) 

‘This last function is just that for the bridge circuit in Fig. 3.19b. 

Comparison of the two circuits in Fig. 3.19 shows that they both have 
the same number of branches but that the relative placement of these 
branches has been changed. As a result, if transfer contacts are not 
considered, the transformation of a network from the form in a to the 
form in 6 of this figure will not change the number of springs required. 


ll 


3.5 Complementary Networks 


In digital systems it is often desirable to have two networks which each 
perform the exact negative function of the other. DeMorgan’s theorem 
provides a simple way to transform 
one series-parallel network into its 
negative form, but it is not directly 
applicable to bridge networks. One 
approach would be to convert the 
bridge network back to a series- 
parallel form, apply DeMorgan’s 
theorem, and then reintroduce the 
bridge elements. This seems lik 
a perfectly simple approach, but 
lot of work may be required, sine 
possible bridge elements are no 
easy to recognize. 

One approach to this problem i 
to examine the most general fo 
node bridge network and see how 
network for its negative function can be obtained. A four-node networ 
is one which has four junctions, or nodes, between contacts. One of thes 
nodes is an input, and another an output, and the lines joining nodes a 
called branches. 

The most general four-node network is shown in Fig. 3.194 and contai 
six branches. The Boolean function for this network can be obtained by 
tracing the various circuit paths and is 





(c) 
Fie. 3.20 


(b) 
Fia. 3.19 


‘The fact that the relative placement of the nodes has changed could mean 
that a transfer contact could not be used in one network and could in 
(he other. Therefore, the network for the negative of a bridge circuit 
iiay not contain the same number of springs as the original. 

In using this transformation for taking the negative of a network, any 
Itoolean function, including zero or one, could be substituted for the 
variables shown. The way this can be done is demonstrated by the 
following examples. 

Example 3.7 Convert the bridge network obtained in Example 3.4 
{ow network for the negative of this function. 

The function for this network is 


f=a+bd-+ cde + ef + bef 
The negative of this function is therefore 


f’ = a’(b! + d’)(e! + d' + e)(c! + fv + e + f’) S(a,y,2) = aye! + xy'2 + xyz 





56 SWITCHING CIRCUITS 


The circuit which was obtained earlier used 11 springs and is redraw 


Fig. 3.202. From this, the following values for the various terms - 


Fig. 3.19a are obtained: 
a=0 b=z Ye 
d=nx'y e= 1’ f=2 
The negatives of each of these terms are 


/ 


° 
ll 


a’ = 1 b! =-¢! c=yt+ez 
d’=x+y' e=y fi =2' 
These can now be substituted directly into the circuit of Fig. 3.195 





(d) 





Fig. 3.21 


yield the circuit given in Fig. 3.20b. This is redrawn in Fig. 3.20¢ a 
uses 11 springs, as did the original network. The fact that this is t ' 
the network for the negative of the original function can be shown kb 
noting that it is open under the conditions 


f = xyz! + awy'e + aye 
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and closed for 
Rid = ty 2! + a’y’z + a’ yz’ + xy’2! + wyz 

Example 3.8 Convert the bridge network obtained in Example 3.5 
to a network for the negative function. 

The function for the original network was 

f = w's'y’z + w'cy2! + wry'e’ 

The bridge circuit for this used 15 springs and is redrawn in Fig. 3.21a. 


Comparing this with the standard 
bridge circuit in Fig. 3.216, 


a=0 b=2'y'z c = x2’ 

d=w' e=y f = wy’ 
and the negatives of these are 

a’ =1 Y=rtyt2 

ec =a +2 d’=w_ 

e’ = y’ f’ _ w' + y 


If these aresubstituted for the respec- 
tive terms in the standard negative 
bridge network, the final network 
shown in Fig. 3.21c¢ is obtained. 
This is redrawn in Fig. 3.2le and 
uses 14 springs instead of the 15 used 
originally. 


This last example demonstrates 
the way in which the number of 
aprings can be changed by this sort 
of transformation. 

Example 3.9 Convert the bridge 
circuit shown in Fig. 3.22a to the 
negative form. Fro. 3.22 

This circuit is somewhat more 
complicated than the previous ones in that the bridge element of the main 
vircuit is in itself a bridge circuit. The negative of this can be obtained by 
considering the internal bridge circuit as a branch element ¢ and then tak- 
ing the negative of the major circuit as shown in Fig. 3.22b. The bridge 
olreuit ¢’ can then be obtained and substituted as shown in Fig. 3.22c.. 





Many rather complicated bridge circuits can be manipulated by this 
technique, but only if they are reducible to this standard form. There 
\x, unfortunately, no similar technique for generalized bridge networks 
with more than four nodes. Multinode bridge networks which can be 
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drawn without any crossing lines can, however, be handled by a similar to one: 


graphical technique, as described by Hoffman (18). 
So far we have dealt only with two-terminal networks, that is, networks 
with one input and one output node. Multiterminal networks can be 
constructed by the techniques which have already been discussed, but 
the Boolean matrix approach outlined in later chapters is generally more 
useful. 
It is interesting to note, however, that it is not possible, in general, t 
take the negative of a multiterminal network. The reason for this is no 
obvious and can best be demonstrated i 

2 terms of a simple three-node network. Th 

circuit in Fig. 3.23 is such a network, and 

the connection functions among the vari- 


fisfesfar + fisfosfa = 1 
Applying DeMorgan’s theorem to this gives 


(fie + fos + fa) (fiz + fos + far) = 0 
Multiplying this out gives 
Sistas + fist + fashis + Sasher + fats + fates = 0 


If, in Boolean algebra, the sum of a number of terms is zero, then each of 
the terms itself must be zero. This means that 


Siafas =0 frafas =0 
Sosfar = 0 Sosfsa =0 


3 b ous nodes are Sofi, = 0 fafis = 0 
and fie = fos fis < fos 
* g fi = a + be Sst Sasha 
fu = 6+ ca da Pin. cfr fa 
Fig. 3.23 f a + ab 
31 c no fie = fos = fi 


The function fiz is the connection between nodes one and two, bot 
directly and through node three. This means that 


fis > fosfar 


are the only conditions under which a three-terminal network can have a 
iegative. This means that it is not possible to obtain the negative of a 
multiterminal network except in the trivial case where all the transmission 


sags ss functions are equal. 
ehallarly, bs as fete ‘The most common type of multiterminal network is one in which there 
a is « single input terminal and several output terminals. In this case, the 
The following three inequalities are then obtained by the consistene¢ only transmission functions which are important are the ones from the 
principle: Input to the outputs. 


fifasfor =0 
Siefosfsr =0 
Sasfastsr =0 


To find whether or not it is possible to take the negative of a multi 
terminal network, assume that it is possible and see what restrictions th 
various connection functions must meet. 

If this generalized three-node network has a negative, then 


Sis > Sasha 
fa > Sule 
Jar = Siofes 
and Fisfosfar =0 
FisfosSe =0 
Sisfestsa =0 


Since six of the eight minterms in fi», fos, fs: are equal to zero and t 
sum of all eight must be one, the sum of the remaining two must be equ 


A useful kind of network of this type is one which provides two outputs, 
ouch the negative of the other. In designing relay networks for this use, 





Fig. 3.24 


the special circuit configuration shown in Fig. 3.24 generally is most 
eonomical of springs (13). These transmission functions are 


fie = ab 
fis =a’ + ab’ = a' +0’ = fi, 


If one starts with a two-terminal series-parallel network for a function 
and wishes to construct a new network which provides the original func- 
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tion and its negative as outputs, it is possible to use this general network 
configuration and build the desired circuit from the original one. This is 
possible only if the original network is series-parallel and does not work 
for a bridge network. The way this is done is demonstrated by the 
following example. 

Example 3.10 Construct a three-terminal network which provides as 
outputs the following function and its negative: 


f = acy + 2(w + vu) 


The first step is shown in Fig. 3.25a and consists of dividing the network 
into two parts. These parts are inserted into the standard form for this 
type of network, and the Boolean function for each branch is indicated 









4 D4 [zlw+vu]) F 
to ea | 
(b) 
! x’ 4 z’ 2 x' 4 2 
irri ee es 
| be | 


(e) 
Fig. 3.25 


inside the respective blocks. At this point the network has been reduced 


to that for two networks each of which must have the desired property of 
providing two outputs each the negative of the other. For the first of 


these, 
fu=vty’ 
fis = ry 
and for the second, 
Sar = 2! + w'(v’ + u') 
fas = 2(w + vu) 
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These can be handled one at a time by the same process. The first 
results in the circuit in Fig. 3.25b. The next part is then divided into 
two networks exactly as before and results in the circuit in Fig. 3.25c. 
Carrying this procedure two more steps results in the final circuit given 
in Fig. 3.25¢. 


3.6 Relay Trees 


Another type of multiterminal circuit is the relay tree, so called because 
of its symmetrical branching appearance. In a three-variable tree, there 
is one output for each of the possible combinations of the variables. 
Such a complete tree is shown in Fig. 3.26, and it is clear that contact is 
always made to exactly one output terminal. 





Fig. 3.26 


These circuits can be used in the design of two-terminal circuits by 
eonstructing a tree from the input and one from the output and making 
appropriate connections in the middle. For instance, a circuit for the 
function 


f = cy’2’ + xyz + a’y2’ + 2’y’2 


own be constructed in the following way: First, draw a tree for x and y, 
ws in Fig. 3.27a. Also, draw a tree for the remaining variables, in this 
«ase z. Second, connect the appropriate terminals in the middle of the 
network in order to obtain the correct closure conditions. This is then 
the final circuit, as in Fig. 3.27b. 

In using trees as an aid in circuit design, the choice of the variables for 
each of the trees is often important. In a four-variable case, the first 
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Fic, 3.27 


tree can be constructed with x and y and the second with z and w. The 
variables can, however, be selected in any order, and the best arrange- 
ment can be determined only by trial and error. 


3.7 Summary 


Relay circuits are described both to demonstrate the way such circuits 
can be designed and as a simple device for showing the way in which 
Boolean algebra can be applied to design problems. Relays are built 
of elements called springs, and the objective in a relay-circuit design 
problem is to minimize the number of springs. This, together with th 
fact that relays are bilateral elements, means that some design techniqu 
have special application to relays. The technique for designing a networ 
which provides two outputs, each the negative of the other, is usef 
because it makes maximum use of transfer contacts. This is primaril 
useful only for relay circuits because no other components provide 
transfer function which is more economical than separate make and brea 
functions. 

There are many components which are useful for computer circuits 
and each one involves some special design techniques. Several of the 
are discussed in later chapters, but the methods used can be applied wit 
little or no modification to many other devices. 


PROBLEMS 


3.1 Draw a relay circuit for the function f(z,y,z) = ay’ +2. 

3.2 Draw two relay circuits for the following function which both use the few 
number of springs possible: f(x,y, 2) = 2(2’y + zy’). 

3.3 Draw two relay circuits for the negative of the function in Prob. 3.2 whi 
both use as few springs as possible. 

3.4 Using as few springs as possible, draw a relay circuit for the function f 
wa! + av’ + yow + y2’w. 

3.5 Using as few springs as possible, draw a relay circuit for the four-variable f 
tion f = mo + ms + mr + Mio + Mis Ma. 


RELAY CONTACT NETWORKS 63 


3.6 Using as few springs as possible, draw a relay circuit for the four-variable 
function f = ms + ms + mz + ms + mi + M3 + M5. 

3.7. Design arelay bridge circuit using only one make contact on x for the following 
function: f(w,2,y,z) = wz + yz(w +2). Use as few springs as possible. 

3.8 Using the fewest number of springs, design a relay bridge circuit which is 
closed when either two or three of the relays z, y, or 2 are operated. 

3.9 Using the fewest number of springs, design a relay bridge circuit which is 
closed when either three or four of the relays w, x, y, and z are operated. 

3.10 Using the fewest number of springs, design a four-relay bridge circuit for the 
following function: f(w,2z,y,z2) = mo + ms + ms + Miz + M13 + Mi. 

3.11 Draw the most general five-node two-terminal relay bridge network and give 
its function. 

3.12 Draw a ten-spring bridge network for the function f = zw + xw’y’y + 
x'vw’ + z'y'w, and then construct from it the bridge circuit for the negative of this 
function. 

3.13 Draw a 13-spring bridge network for the function f = zz’w’ + w'y + 2’y2! + 
wy'z, and then construct from it the bridge circuit for the negative of this function. 

3.14 Construct a 24-spring bridge network for the function f = zaz + a’z’ + a2", 
where a = v'w’ + wyv +v’y’.. Then construct from it the bridge circuit for the 
negative of this function, also using 24 springs. 

8.15 Given the function f = xyz, construct a three-terminal relay network which ' 
provides the outputs f and f’, using only nine springs. 

3.16 Given the function f = 2(y +2)(y’ +2’ + wv’), construct a three-terminal 
rolay network using only transfer contacts to provide the outputs f and f’. 

3.17 Given the function f = w + (c + y)(a’ + 2), construct a three-terminal relay 
notwork using only transfer contacts to provide the outputs f and f’. 

3.18 Use relay trees to design a network for the three-variable function f = mo + 
Why my, + M7. 

8.19 Use relay trees to design a four-relay circuit for the following function: 
(wyx,y,2) = m1 + me + my + mz + Me + M0. 

3.20 Use relay trees to design a network for the four-variable function f = mo + 
iy + ms + mg + me + Mis + Mg + Ms. 























CHAPTER 4 


CODES 


Many of the most interesting computer design problems are related to 
the language or code used by the computer. Some of the examples and 
problems in later chapters are concerned with various types of codes, so 
it is important to start with a discussion of some of them and the reasons 
for their use. 

A code is a systematic way of representing information. In a purely 
binary code of n bits, 2” different messages can be represented. Man: 
different types of codes can be devised which use n bits to represent | 
than 2" messages. As this number becomes significantly less than 2” 
interesting and useful coding properties can be obtained, particularl 
for detecting or correcting errors. 

Digital computers are generally rather large and complicated machin 
Since each of the parts of the computer has a finite expected life, the com: 
puter itself has a distinct though reasonably small probability of pr 
ducing wrong answers. In many applications it is particularly important 
to know whether or not the computer has made an error, so that erro 
detecting systems are important. Special types of codes can be used fo: 
detecting computer errors, and more sophisticated codes have b 
developed for correcting them. Unfortunately, error-correcting cod 
cannot be used effectively in the arithmetic and control portions of co: 

puters, but they do have application to digital communication syste 


4.1 Permutations and Combinations 


In order to determine some of the properties of codes and coding equip- 
ment, an understanding of the fundamentals of permutations and com- 
binations is useful. This, then, leads directly to a discussion of the 
probabilities of errors and the effectiveness of various codes in detecting 
or correcting them. 

A permutation is, generally speaking, an arrangement of a fixed numb 
of things. The number of possible arrangements, for instance, of th 
three letters a, b,and cis six. These are abc, ach, bac, bea,cab, cba. These 
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are all the possible ways in which these three letters can be rearranged and 
represent the number of possible permutations of three objects. 

In arriving at the number six for the permutations of three things, 
consider the process of writing down an arrangement of them. One 
letter is written first. Since there are three letters, any one of three 
decisions can be made. In writing the second letter, one letter has 
already been written, so there are only two left. The choice of the second 
letter can therefore be made in only two ways. For the third, there is 
only one letter left so there is only one possible choice. The total number 
of choices which could have been made is the product of the number of 
(hese individual choices because for each of the three first choices there 
are two second choices. This total number is the number of possible 
permutations and is: 

3:2-1=6 


In starting with a large number of letters, say n, the identical process 
would be used. That is, the first could be selected in n ways, the second 
in n — 1, the third in n — 2, and so forth, until only one choice is left. 
This then gives 

n(n — 1)(n — 2) +++ 3-2-1 


his expression is a very common one in mathematics and is often called 
n-factorial, or n! The number of permutations of n letters is then n! 
In speaking of combinations of letters, we are not concerned with their 

arrangement. We talk, for instance, of the number of combinations of 
live letters taken two at atime. There are 10 of these combinations, and 
they are 

ab ac ad ae 

be bd be 

cd ce 

de 


Notice that the combinations ab and ba are not distinguished, as they are 
just rearrangements of the same two letters. 

In the process of writing these letters down two at a time, there are five 
whoices for the first letter. In writing down the second letter one has 
already been taken, so there are only four left. This gives a total of 
twenty possible ways in which two letters out of five could be written, but 
(his includes all the permutations of these pairs of letters. The number of 
#ombinations is therefore half of the total number of choices of sequences, 
or ten. 

Suppose we had m letters and wanted to write them down in groups 
of n. How many combinations are there? The first letter could be 
wlocted in m ways, the second in (m — 1), the third in (m — 2), and so 
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on, until we get to (m — + 1) ways for the nth letter. This giv: 
m(m — 1)(m — 2) +++ (m—n+2)(m—n +1) 


possible choices. Since these letters are written down in order, a give 
combination of letters will be written down in all possible orders. Fo 
this case, there are n! of these orders, so the total number of combinatio. 
of m things taken n at a time is this number of choices divided by th 
number of permutations of the n letters. This is 


_ m(m — 1)(m — 2)¢ + *)(m — n + 2)(m — 2 + VD 


m 
Cr n! 





c™ is used to represent the number of combinations of m things take 
n at atime. This expression can be simplified by noting that 


m! = m(m — 1)(m — 2)(- - -)\(m — n + 2)(m — n+ 1)(m — n) 
(m—n—1)(° *)2-1 
(m — n)! = (m — n)(m—n—1)(-* *)2°1 


So 
m! 


Gap en ee --)\(m — n+ 2)(m—n+1) 


This means that 
=o m! 
Rae ni(m — n)! 
The number of combinations of five things taken two at a time 
therefore 
= 5! _ 5°4°3°2> 
~ 316 — 2)! 2-1-3-2- 





C8 ;=10 


As an example of this, the way in which five letters can be written do 
two at a time is 

ab ac ad ae 

ba be bd be 

ca cb cd ce 


da db de de 
ea eb ec ed 


These are the twenty choices which can be made, and each combination 


appears twice. There are then 10 combinations. 
Suppose we were given the expression 


(«7 + y)™ 


and wanted to write down the term which contained w". It could 
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rewritten as the product of (x + y) taken m times, or 


(at+ty(e#+y)- * )\(@+y) m times 


‘The number of ways in which n x’s can be selected from these m terms is 
c™. The remaining terms must have y’s selected, so that the required 
(erm would be 

Crxenym 


The complete product is therefore 
m 


(tym =) Creyr 
=0 


n 


This is the binomial expansion, and it is for this reason that C7 is fre- 
(uently called the binomial coefficient. 
The following is a useful relationship: 


Cy = Ch. 
This can be proved as follows: 


aes m! 
Ca = ni(m — n)! 
and substitute n = m — n: 


m! i 
Cnn = (m — n)\(m — m+n)! Cr 
which proves the relationship. 
Using the binomal series another useful relationship can be demon- 
alrated: 


Eee aaa its y Cr 
n=0 


This is obtained by setting both z and y equal to one in the binomial 
hories. 

[xpressions for C™ for several values of n are shown in Table 4.1, and 
some numerical values given in Table 4.2. One way in which Table 4.2 


TaBLe 4.1 
cr =1 
cr =m 
Cr = m(m — 1)/2! 
cr = m(m — 1)(m — 2)/3! 
cm = m(m — 1)(m — 2)(m — 8)/4! 
Cm = m(m — 1)(m — 2)(m — 3)(m — 4)/51 
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TaBLE 4.2 

















0 1 

1 1 1 

2 1 2 1 

3 1 3 3 1 

4 1 4 6 4 1 

5 1 5 | 10 10 5 1 

6 1 6 | 15 20 15 6 1 

7 1 7 | 21 35 35 21 7 

8 1 8 | 28 56 70 56 28 

9 1 9 | 36 84 | 126 | 126 84 
10 1 10 | 45 | 120 | 210 | 252 | 210 





can be rapidly constructed is to notice that 
Cr = Cr + Cr 


This can be proved as follows: 





(m — 1)! 
im—1 — 
Cn ni(m — 1—n)! 
Cm} = (m — 1)! 
m1" (n — 1)\(m — n)! 
a m! 
ae ni(m — nj! 
so that Cz = Same C= 
Cr = = cs 
m 
The sum of these therefore gives 
im—1 ‘m—1 — mn im n im 
Cn + Cz} m Cn + m Cz 
il BR WN 
ae Cr ( m + 2) oy 


This means that a new term can be obtained for Table 4.2 by taking th 
term directly above the one we wish and adding it to the one to its left, 


4.2 Probability 


The theory of probability is well covered in several textbooks (6), 
this treatment will be limited to a brief discussion of those topics whie 
relate directly to the study of codes and coding. 
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In tossing a coin we know that it is equally likely that it will land with 
the heads side up as with the tails side up. We say, then, that the 
probability of tossing a heads is 1/2.. After having tossed one heads, 
what is the probability of tossing another? This second toss of the coin 
is called an independent trial. That is, the probability of tossing heads is 
independent of any earlier tosses. The probability of tossing a second 
heads is therefore again 1/2. The probability of tossing two consecutive 
heads is the product of the probability of tossing a heads on the first 
throw and that of tossing heads on the second. This would then give 
1/4 as the probability of two consecutive heads. 

This question of independent trials is very important. If two events 
are truly independent, the probability that they both take place is the 
product of their individual probability of occurrence. 

As an example of dependent probabilities, consider the following. 
Suppose a man takes a walk, on the average, every other day in the year. 
The probability that he takes a walk on any given day is therefore 1/2. 
Suppose, also, that it rains on the average of one-tenth of the days in the 
year. The probability that it is raining on any particular day is there- 
fore 1/10. The probability that he takes a walk in the rain is, however, 
not 1/20, since the weather would certainly affect his decision to take a 
walk. 

Let us now assume that he never takes a walk in the rain. What is the 
probability that he takes a walk on a particular clear day? Out of NV 
days, there are 9N/10 clear days and N/2 days that he takes a walk. 
The probability that he does take a walk is therefore the number of days 
he walks divided by the number of days he could walk. This is 


(N/2)/(9N/10) = 5/9 


or slightly greater than 1/2. 

This illustrates another important point; namely, the probability of 
occurrence of an event is the ratio of the number of times it does occur to 
the number of times it could have occurred. 

Now, assume that the probability of occurrence of an event in one trial 
lu p. The probability that the event does not occur is therefore (1 — 7p). 
This is because a probability of one means that an event occurs every 
(rial and is therefore a certainty. It is also a certainty that the event will 
either occur or not occur, so the sum of these probabilities is one. There- 


fore, if p is the probability that an event occurs, (1 — p) must be the 


probability that it does not occur. 

If p is the probability of the event on each trial, what is its probability 
of occurring n times in m trials? The probability that it will occur on 
the first trial is p, on the first two trials p?, and soforth. The probability 
that it will occur on the first » trials is therefore p*. The probability 
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Before treating specific types of codes, it is worthwhile to see what 
radix number system provides the theoretically most efficient code. 

Suppose we were to start out by designing a computer using stepping 
switches with x positions each and wanted to select a value for x which 
would minimize the amount of equipment required (26). If the machine 
is to work with numbers in the range from zero to 10”, the equipment must 
be designed to store as many characters, radix x, as are required to make 
up 10". This means m such stages are needed, where 


that it will not occur in the remaining m — n trials is then 


(Ta pye-* 


This, however, represents only one of the possible combinations in which 
n events could occur out of m trials. The number of possible combina- 
tions are, of course, C”. The probability is then 


Pe = Coe = p> 















for the probability of occurrence of exactly n events in m tries. 10" = xm 
Example 4.1 What is the probability of throwing heads exactly three 
times in nine tries? so that m Tog x 


The probability of throwing heads in any one try is 1/2, so 
p=1/2=1-p 


According to the formula for the probability of n events in m tries, this 
probability is 


P% = (3(1/2)3(1/2)8 = 84/512 = 21/128 


The total number of contacts N required on these stepping switches 
should then be roughly proportional to the product of the number per 
switch times the number of switches needed to make up a full register, or 


Example 4.2 What is the probability that in eight tosses of nine coins, 
three heads will turn up exactly five times? 

The probability of tossing three heads with nine coins is 21/128, as in 
Example 4.1. Since each toss of a coin represents an independent trial, 
the probability of tossing three heads in one toss of nine coins is the sami 
as the probability of tossing three heads in nine tosses of one coin. 
this probability of three heads in one toss with nine coins is called q, w 
are now concerned with the probability of occurrence of five events, eac 
with probability g, in eight trials. This is 


Ps = Cig'(1 — 9)? 
= 56(21/128)5(1 — 21/128) 
= 3.66 X 107% 


‘he minimum value of this is found by differentiating N with respect to z 
and setting it equal to zero. 


aN _ n logiox — nlogive _ 
dx (logio x)? - 





0 


This has a minimum at « = e, where 
e = 2.7183 -- - 


An integral value of x must be selected, so two or three are apparently the 
best choices. 

Actually, this optimum value is obtained only by minimizing the 
umber of contacts in the hypothetical computer. Many other criteria 
would be used, but the simplicity of binary electronic devices strongly 
favors their use. It is for this reason, primarily, that the binary number 
system has become so important. 

Since computers use circuits which are binary in nature, it is logical 
for designers to build machines which use this number system internally. 
Any nonbinary internal code results in some inefficiencies, but these are 
often worthwhile, particularly because the unused binary combinations 
_ oan be used for detecting equipment failure. 


approximately. 


4.3. Machine Codes 


The selection of an internal number system, or language, for a computer 
must be based on a number of considerations. The way in which t 
machine is to be used determines the type and format of the information 
to be fed to and taken from it. In addition, the desired computatio 
speed and ultimate cost are extremely important criteria. The selectio 
of one type of machine language over another must be weighed in ter 
of its effect on input-output equipment, memory, arithmetic equipmen 
and possibly reliability. The expected performance can then be dete 
mined and compared with the requirements. 


4.4 Decimal Codes 


Computers which are used in business problems generally work with 
large amounts of data in decimal form. Decimal codes are therefore 
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often selected for the internal structure of machines which are intended 
for these applications. Such codes are also commonly used in other 
places, notably telephone systems. 

A decimal code which has found widespread use in telephone systems is 
the two-out-of-five code. Since C5 = 10, five relays can be closed two at 
a time to give each of the ten decimal digits. Errors can therefore be 
detected if either more or less than two are closed. One possible assign- 
ment of states is the 7-4-2-1-0 code shown in Table 4.3 (15). It is called 


TasBLe 4.3 





Decimal digit 








SCeOMNOOKRWNH He 
RFPrererFOoOoCoCOCoCSo 
Ke oCcOrFrFrFKR COO 
COrocoorcorro 
oocoroororore 
coor OCOOF OF Fe 


a 7-4-2-1-0 code because if these weights are assigned to each bit and the 
weights for each of the bits which have a one in the table are added, th 
corresponding decimal digit will result. This is not a true weighted cod 
because the digit zero is an exception. 

One of the great advantages of this type of code is that it is very effec- 
tive for detecting errors. Any odd number of errors will be detected 
because the result will have an odd number of ones. <A double or quad- 
ruple error will be detected unless an error in a one is balanced by 
error in a zero in such a way as to result in only two ones. Even thou 
the likelihood of such undetected errors may seem small, their effec 
may be important. As a result, one way of comparing the effectiveness 
of various codes is to compare the probabilities of undetected errors for 
different probabilities of single-bit errors. 

Since all odd numbers of errors in the two-out-of-five code are detected, 
we are interested only in the cases of two and four errors. For a single- 
bit error probability of p, the probability of undetected double-bit errors is 


Cip(1 — p)Cip(L — p)? = 6p*(1 — p)* 


Cip(1 — p) 


is the probability of an error in either of the two bits that are one, and 


The first term 
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second term 
Cip(1 — p)? 


is the probability of an error in one of the three zeros. The probability 
of an undetected quadruple error is obtained in much the same way and is 


Cop?Czp°(1 — p) = 3p*(1 — p) 
so that ; 
Prandetected = 6p2(1 — p)3 + 3pi(1 — p) 


If an error in one bit were to occur on the average of once per thousand 
operations, an undetected error would occur only about six times per 
million operations. 

Other types of decimal codes can be constructed with only four bits, 
since an individual decimal digit has 10 possible values and four bits 
provide 16 combinations. The number of possible codes which could be 
constructed in this way is 


16. 101 = 2.906 X 10 


This is not just the number of combinations of 16 things taken 10 at a 
time, since each rearrangement is a different code. 

The properties of a number of decimal codes have been investigated, 
but only two of them are widely used. One of these consists of selecting 
the binary numbers which exactly correspond to the decimal digits. This 
is called binary-coded decimal and is shown in Table 4.4. This code has 
the advantage that addition is identical with ordinary binary addition for 
each character. The answer for each decimal digit must, however, be 
corrected to take care of carries to the next digit and results which have 
the binary values 10 through 15. 


TasBie 4.4 


Decimal Binary Coded Decimal 


0 0000 
0001 
0010 
0011 
0100 
0101 
0110 
0111 
1000 
1001 


OCOANOoORWN HE 


One of the major disadvantages of the binary-coded decimal system is 
that it is not easy to form its nines complement. If a four-bit binary 
number is complemented, that is, if every one is changed to zero and 
every zero to one, the result is that number subtracted from 15. 
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One way to correct BCD addition is merely to add the two characters 
in binary and then detect if one of the characters 10 through 15 results. 
If one does, a six should be added and a carry produced for the next digit 
sum. If one of these digits did not result, the sum would not require 
correction. 

This procedure requires a circuit for detecting the combinations 10 
through 15. The need for this can be eliminated if a six is added to the 
original sum. If a carry is produced, the sum and carry are correct, and 
if not, six must be subtracted. The following sample additions should 
demonstrate this method: 





3 0011 3- 0011 

+5 0101 +8 1000 

(+6) 0110 (+6)  _ 0110 

14 1110 11 1,0001 
=6 110 
8 1000 


One way to perform subtraction in a computer is to build a special 
circuit for this function. Although this is not difficult to do, the com- 
plexity of the machine is increased. An alternate way to perform sub- 
traction is to use the tens-complement form for negative numbers and 
actually to perform addition. The tens complement of a number is 
obtained by subtracting each digit from nine and then adding one to 
the resulting number. The tens complement of 3684 is, then, 6316. 

The way subtraction is performed is, then, 


3684 3684 
— 2597 +7403 
1087 (1)1087 
2597 2597 
— 3684 +6316 
—1087 8913 


As can be seen, a carry out of the last digit sum is obtained if the difference 
is positive and is not obtained if it is negative. 
The only problem with using this type of system is that it is uneco- 


nomical unless it is easier to form the tens complement of a number — 


than it is to perform a true subtraction. If the difference between any 
digit and nine can be obtained easily, subtraction of two positive numbers 
could be performed by forming the nines complement and adding a one 
carry into the least significant digit sum. The result is then obtained 
in tens-complement form if it is negative. 
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A large number of codes are possible which will give the nines comple- 
ment when the individual bits are complemented. The one which has 
found general acceptance is the excess-three code shown in Table 4.5. 
As one can readily see, this code does give the nines complement. The 
reason that it is called the excess-three code is that the ten binary numbers 
from three through 12 have been used for the digits zero through nine. 
Bach of these digits is obtained by adding three to the respective BCD 
digits. 

TABLE 4.5 
Decimal Excess Three 


0011 
0100 
0101 
0110 
0111 
1000 
1001 
1010 
1011 
1100 


OWMDNMAHTOLWNHH SO 


Addition is performed in excess-three code in a slightly different way 
from that used in BCD. A three is subtracted from each digit sum if a 
carry was not produced, and a three is added if a carry resulted. 

With both the BCD and the excess-three code, some errors can be 
detected. This is because only 10 of the 16 possible combinations of the 
four bits represent decimal digits. Any error that results in one of the 
unused combinations can then be detected if the computer has a circuit 
which detects these combinations. , 

The probability of undetected errors can be determined for the BCD 
and excess-three codes. For the excess-three code, the various single-bit 
errors are shown in Table 4.6. 

The way that this table is constructed is to list each of the four-bit 
numbers in four columns with the first, second, third, or fourth bit 
reversed as it would be if it were in error. From this it can be seen that a 
single error in, say, a four will result in one unused combination or any 
one of the three used combinations zero, two, or three. Table 4.7 can be 
constructed from Table 4.6 by listing the number of undetected errors 
for each of the characters. The single errors can be obtained by counting 
the number of used combinations that result for each character in Table 
4.6. For single errors, there are four ways in which any character can be 
in error and ten characters, so there are a total of 40 possible results. 
Out of this, 24 are undetected errors. 

The number of double errors are obtained in a more complicated way. 
Starting with character zero, a single error in the first bit results in eight. 
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TABLE 4.6 






Decimal | Excess three 









1 2 3 

















































0010 (x) 0001 (zx) 















0100 (1) 1000 (5) 
0101 (2) 1001 (6) 
0110 (3) 1010 (7) 
0111 (4) 1011 (8) 


1110 (x) 1101 (2) 
1111 (2) 1100 (9) 
1100 (9) 1111 (2) 
1101 (x) 1110 (a) 







x 1000 (5) 0100 (1) 

x 1001 (6) 0101 (2) 0011 (0) 0000 (zx) 
x 1010 (7) 0110 (3) 0000 (x) 0011 (0) 
0 1011 (8) 0111 (4) 0001 (x) 0010 (zx) 
1 1100 (9) 0000 (zx) 0110 (3) 0101 (2) 
2 1101 (z) 0001 (x) 0111 (4) 0100 (1) 
3 1110 (2) 0010 (x) 0100 (1) 0111 (4) 
4 1111 (2) 0011 (0) 0101 (2) 0110 (3) 
5 0000 (zx) 1100 (9) 1010 (7) 1001 (6) 
6 0001 (zx) 1101 (zx) 1011 (8) 1000 (5) 
7 0010 (z) 1110 (x) 1000 (5) 1011 (8) 
8 0011 (0) 1111 (2) 1001 (6) 1010 (7) 
9 

x 

x 

x 





TABLE 4.7 


Undetected errors 





Decimal code SEE a 
Single | Double | Triple | Quadruple 

0 2 4 2 1 
1 3 2 3 1 
2 2 4 2 1 
3 2 4 2 1 
4 3 2 3 1 
5 3 2 3 i 
6 2 4 2 1 
7 2 4 2 1 \ 
8 3 2 3 1 
9 2 4 2 1 

Total vis.c00 ve 8s,.eea 24 32 24 10 











Since an error was made in the first bit to get to eight, only the last thre 
entries in the row for character eight need be counted, giving ty 
undetected errors. For an error in the second bit of zero, four results, 
Now only the third and fourth bits need be examined, giving two mor 
undetected errors. An error in the third bit of zero yields the impossib| 
combination 0001. An error in the fourth bit of this is detected, so th 
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the total number of undetected double errors for zero is four. Actually, 
the amount of work can be reduced for this code, since it is nines comple- 
menting and thus symmetrical. The number of undetected errors for 
zero is the same as for nine, one the same as eight and so forth. 

Before examining the triple errors, it is wise to look at the case of 
quadruple errors first. A quadruple error causes every bit of a character 
to change. Since the excess-three code is nines complementing, every 
quadruple error will be undetected. A triple error can be thought of as a 
quadruple error followed by a single error. As a result, the number 
of undetected triple errors is the same as the number of undetected single 
errors for each character. 

If the probability of a single-bit error is p, the probability of a single 
error in a character is 


P, = Cip(1 — p)? = 4p(1 — p)3 
The probability of this being undetected is 2449 times this, or 
Qi = 2.4p(1 — p)* 
lor double errors, 
P2 = Cyp*(1 — p)? = 6p°(1 — p)? 


This must be multiplied by the probability of a double error being 
undetected, which is 3269, which gives 


Q2 = 3.2p7(1 — p)? 
‘Triple errors give 
Ps = Cyp(1 — p) = 4p%(1 — p) 


Qs = 2.4p%(1 — p) 
and quadruple errors 

P, = Cip‘ = pt 

Qs = pt 


The probability of undetected errors in the excess-three code is the sum of 
all of these, or 


Q = Qi4+ Q2+ Q3+ 
= 2.4p(1 — p)® + 3.2p°(1 — p)? + 2.4p%(1 — p) + p* 


If the probability of a single bit being in error is one in a thousand, the 
probability of an undetected error in a character is about 2.4 per thousand 
tharacters. This is not nearly so effective for detecting errors as the 
two-out-of-five code, which left only six undetected errors per million 
for the same bit error rate. 
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4.5 Modulo-nines Checking 


Checking for unused bit combinations in a four-bit decimal code is not 
very effective as a means of error detection because it detects less than 
half of the possible errors. A two-out-of-five code is much more effective, 
but it has two serious disadvantages. First, the arithmetic is rather 
complicated, and second, five bits are required per character instead of the 
minimum possible of four. The use of one additional bit per character 
increases the complexity of a computer by a full 25 per cent; as a result, 
few machines use such codes. 

The type of checking which has been discussed so far is for detecting 
errors in a single character. More sophisticated checking systems can be 
devised for detecting errors in a number made up of several characters. 
The way these systems work is to generate a check number which may 
consist of one or more characters. The original number is operated on in 
the arithmetic portion of the computer, and the check number is handle 
in a separate arithmetic element. At the conclusion of an operation, 
new check number is generated from the number resulting from the 
arithmetic operation and compared with the check number which w; 
obtained by the separate arithmetic element. If they disagree, an error 
was made. 

As an example, suppose the number A had a checking number a and B 
had a check b. If A and B are added, a new number C will resul 
Therefore, a plus b should equal c: 


A> a 
+B = +b 
C> Cc 


An error in either the arithmetic unit or the checking equipment will 
detected by this process, since an error in the addition of the numbers 
the check characters would mean that either C or c was not obtained. 

The process used is then to generate the check characters a and b fro 
the numbers A and B. A and B are then added to produce C, and tk 
check character c for this number is generated. This is then compar 
with the sum of a and b, and if they are not equal, an error has been mad 
It is therefore desirable to have a checking system which generates th 
new check digit for an addition by merely adding the two original chee 
digits. The modulo-nine checking system has just this property. I 
utilizes as a check digit the remainder left after dividing the number 
nine. 

In order to see how this system works, consider the addition of t 
numbers A and B. If A is divided by nine, some remainder a, is obtain 
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and if b is divided by nine it will give the remainder b,. _These numbers ~ 
can then be represented as follows: Om: 


A = 9k +a, 
B=9m+ 0b, 


where k and m are the number of integral times by which nine divides 
into A and B, respectively. The remainder left from dividing A + B 
by nine is then a, + 6, This means that if the remainder of a number 
when divided by nine is used as the check character, the new check can 
he obtained by adding the two previous checks. There is an important 
difference, however. If a and b add up to nine, the new remainder must 
be zero. If they add to 10, the remainder must be one, and so on. The 
addition of the check characters must then be performed modulo-nine 
instead of modulo-ten. 

The next problem is that of generating these check characters. 
sider the n-digit number A written in decimal form as follows: 


Con- 


A,10" + An-1107 + +--+ - + A210? + A,10! + Aol0° 


he remainder of this number when divided by nine can be found by 
dividing each term by nine and then taking the modulo-nine sum of all 
the individual remainders. In order to divide A,10” by nine, it is first 
written in a different form. By the binomial theorem, 


10" = (9+ 1)" = ) CrgIe 
i=0 
ap eGgid Oe) 2 Gt Dee oye 
2 3:2 
where all the remaining terms contain nines to some power. This term 
in then 


Anl0" = An + A,On + 4,9?” ho wis 


(n — 1) 
2 
The remainder left after dividing by nine is then just A,, or the digit 
\iwelf. The check character for a number is therefore obtained by adding 
all the digits of the number modulo-nine. For example, the check 
wharacter for the number 48 is obtained by taking the modulo-nine sum 

of four and eight, which is three. 

The modulo-nines sum of the digits in a number can be obtained in 
either of two ways. First, the sum can be made in a radix-nine system, 
treating any nine in a number as a zero. As a result, 


8+1=0 8+2=1 8+3=2 8+4=3 etc. 
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The second way is to add up the characters radix ten to get 12, and then 
add these characters, which gives three which is the same result as the 
modulo-nines sum. 

In a similar way, the check digit for 3,684,902 is five. The modulo- 
nine sum can be obtained directly from the number by the first method 
or by adding all the digits repeatedly: 


3+6+8+4+9+0+2 = 32 
3+2=5 


It can also be easily verified that dividing 3,684,902 by nine does give ¢ 
remainder of five. Also, the number 4,837,291 has a check digit of seven. 
The modulo-nines check digit for the sum of these two numbers should 
be 3: 

3,684,902 = 5 

4,837,291 => 7 


8,522,193 = 3 (modulo-nine) 


Subtraction can be checked in the same way as addition. Multiplica 
tion and division are handled as successive trial multiplications by one 
digit and additions and subtractions. These can then be checked as 
long as a table of the trial multiplications on the check digits is stored in 
the computer. 

The next step is to see how effective the modulo-nines check is. First, 
since it is used with a decimal code, any error in a digit which results in 
one of the six unused combinations of the four bits can be detected without 
the use of the modulo-nines check. This checking system provides a 
way of detecting those errors which produce one of the ten used digits. 

Since the modulo-nines check is used for complete numbers, all the 
digits of a number must be considered in determining its effectiveness. 
Any error in a single digit will be detected, since changing one characte 
will change the modulo-nines sum. Actually, there is one exception 
to this. Any digit which is zero could be changed to nine or vice versa — 
without changing to checking sum. With the exception of this last 
rather unlikely case, the only way that errors could get by undetecte 
would be if the amount by which several digits were in error had a modulo- 
nine sum of zero. In this way all the errors would compensate and the 
check sum would be unchanged. 

The type of decimal code used will affect the reliability of the modulo- 
nines check. In any decimal code there is a probability r of a digit being 
in error and a probability s of a digit error which results in one of the ten 
decimal characters. The probability of a detected error in a single digit 
is then r — 8. The probability that no digits are in error in an n-digi 
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word is 
Ryo = (1 - r)* 


and the probability that only one is in error is 
R, = nr(1 — rv) 


The modulo-nines check is used to detect errors which result in one 
of the ten decimal characters. The probability of a single-digit error of 
this type is 

S; = ns(1 — r)" 


The probability of ¢ errors which all result in one of the ten digits is 
S:; = C7st(1 — r)-* 


Since these errors can total to any of nine values in the modulo-nines 
vheck, only one-ninth of them on the average will give undetected errors. 
This means that the probability of undetected errors is 


S = 1/9 ) cps — re 


i=2 


The sum is from two to n because all single errors are detected and only 
multiple errors can compensate and thus be undetected. From the 
binomial theorem 


y Cyei(l — rye = (e+ 1 — 1)” 
i=0 


Ho S=tisti—r— Fede sa— 
in the probability of undetected errors in a modulo-nines system. 
Although this formula is reasonably accurate, two situations have not 
hwen considered. One is the slight probability that a zero can be in error 
and give a nine or vice versa. The other is that all the 10 digits are not 
in general equally probable results of error. That is, some numerical 
values may be preferred over others, depending on the type of decimal 
wode used. This means that dividing by nine to get the number of 
\indetected errors is not strictly correct. 
Another assumption made was that errors in any of the digits were inde- 
pendent of errors in the others. In serial computers this is undoubtedly 
not the case, since all digits must pass through the same circuits. Analy- 


win of these cases is considerably more difficult and depends on the 
type of logical arrangement used. 
often be considered independent, even in a serial computer, and these are 


Intermittent errors, however, can 
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generally most troublesome in computation. For these, this type 
analysis is valid. 

Example 4.3. What is the probability of undetected errors in ten-digi 
numbers (including the check character) using modulo-nines checkin 
and the excess-three code? 

If the probability of an individual bit being in error is p, the probabilit 
r that a character is in error is 

pal (1 =p) 
The probability of an undetected character error s was determined earli 
and is 
s = 2.4p(1 — p)* + 3.2p°(1 — p)? + 2.4p%(1 — p) + pt 
For small values of p this is approximately 
s = 2.4p 


The probability of undetected errors in a modulo-nines system was all 
determined and is 


1 n Pe ee 
S=56+1-7) — 58h — ry 9 Tr) 


If this is evaluated for small values of 7 and s, it yields 
_ n(n — 1) 2 
~ 18 


So the probability of undetected errors with a modulo-nine check in 
excess three code is 


S 


S = 28.8p? 


The modulo-nines check is useful for checking transfers of informati 
from one part of a decimal computer to another and also for checki 
arithmetic operations. In a binary computer, a similar checking syst 
can be used. The binary number can be considered as radix four, and 
modulo-three checking system can be used. Actually any power of t 
greater than one can be used as radix, and a modulus of one less than t 
radix can be used for the checking system. 

Other checking arrangements can be used. For instance, for t 
decimal system, a modulo-eleven check can be used, as could a modul 
five check for binary machines. These can all be derived by a proc 
very similar to that outlined here. 


4.6 Parity Checks 


Most binary computers use a simple system to check transfer 
information from one part of the machine to another. The most co 
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monly used system is called parity checking, but it is not effective as an 
arithmetic check. Parity checks can also be used for checking digital 
communication systems, and more sophisticated checking systems use 
parity in conjunction with other properties of the message for correcting 
errors. 

In order to determine if a message is correct, redundant information 
ust be added to it. This requires that extra bits be included which give 
information regarding the binary structure of the message. The simplest 
system would be to include only one additional bit to give information 
ubout the number of ones in the message. Since this bit can itself be only 
zero or one, it can only be used to indicate whether the total number of 
ones, excluding the check bit, is odd or even. This system is called parity 
checking, and the extra bit is called the parity bit. 

State zero of this parity bit can be assigned to stand for an even number 
or an odd number of ones in the rest of the word. If the even assignment 
in selected, then the word, including check bit, will always contain an 
even number of ones when there has been no error. This is because if 
there were an odd number of ones without the check bit, the check bit 
would be one, thus making the total number even. If the number of ones 
without the check bit were even, it would be zero, again leaving an even 
umber of ones. The same would be true if the zero state were assigned to 
the odd case. That is, the total word without errors would always con- 
tuin an odd number of ones. It is often desirable to use the odd-parity 
\wsignment, because then the complete loss of a message is recognized as 
an error. This is because the message of all zeros has even parity and 
would then indicate error in an odd-parity system. 

One parity check bit can be used to detect single errors in a message, 
since any one error will change the number of ones in the word by just one. 
Using an odd-parity check, a single error will result in an even number of 
ones and so be detected. Two errors within one word will not be detected, 
however, because the number of ones will still be odd. In a similar way, 
all even numbers of errors will not be detected while all odd numbers of 
errors will. That is, a message with, say, eight errors in it would have the 
correct parity check, so that the word would be accepted as having no 
errors at all. If, however, the word had seven errors, the parity check 
would indicate that the message was in error but would not give any 
indication of how many bits were wrong. 

The single-parity checking system is quite simple but can be relied 
\ipon only in cases where the probability of double errors is quite small. 
The effectiveness of parity checking can be measured by determining the 
probability that a message which was accepted as correct was, in fact, 
#orrect. 

With a word of n bits, including the parity check, and a probability 
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of single-bit error p, the probability that the message is correct is 
Po = (1 — p)” 
The probability that the message will contain 7 errors is 
P; = C?p(1 — p)* 


The probability, then, that an error will be detected is the sum of 
over odd values of 7: 


Pou =), Ctpi( — py 
t= 1(odd) 


The probability of even errors is then 


Pou = 9, ppl — pyr 


i= 0(even) 


where this includes the case of no errors. These expressions for Proaa @ 
P.ven are Somewhat cumbersome and can be simplified. This is done 
noting that 


p+ (1 — py = (1)* = 


n 
>, Ctp'a - py 
=0 
Substituting g = 1 — p in this expression, 
n 
ia > Cipign 
i=0 


Also, the following expression can be obtained from the binomial theore 


Eras > Ci(—pyign* 
i=0 
This second expansion is the same as the first except that all odd te 
are negative. Writing the first few terms out gives 


(p + 9)" = Cogn + Cigrtp + Cog *p? + Cogn *p? +s * 
[((—p) + a)" = Cogn — Cign*p + Coqr*p* — Cogn ip? + - + * 


Now, if these two series are added, all the odd terms will drop out, 
if the second is subtracted from the first, all of the even terms will can: 
Since, in summing these series, twice the even terms are left, 


Proven = 14(p + g)" + WI(—p) + aI" 
and Poss = 4(p + 9)" — WI(—P) + al” 
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Substituting back g = 1 — p gives 


Peven = 4% + (1 s/ 2p)" 
and Poa = 4 — Wl — 2p) 


The first of these, Peven, is the probability that a message is accepted, and 
the second the probability of its being rejected. The probability that an 
nccepted message is correct is the probability that the message is correct 
(livided by the probability that it is accepted, or 


P= (bp) 
+ Ya(1 — 2p)" 


Suppose, for instance, that p = 0.001 and n = 10. What is P? The 
Various terms can be evaluated as follows: 


(1 — p)" = (1 — 0.001) = 1 — 0.01 + 0.000045 - - - 
~0.990045 
(1 — 2p)" = (1 — .002)!° = 1 — 0.02 + 0.00018 - - - 
~0.98018 
#0 1g + 16(2p — 1)" ~ 0.50 + 0.49009 
~0.99009 
and P = 0.99995 


This means that, on the average, five out of every 100,000 accepted 
Mmossages will contain one or more errors. Ninety-nine out of every 100 
iessages will have been accepted, however. ; 

Parity checking is very effective for detecting transient errors in com- 
puters or infrequent errors in digital communications systems. For 
(uses where errors cannot be tolerated, extreme measures must be taken, 
fince all these checking systems have a small probability for passing 
incorrect messages. 


4,7, Error-correcting Codes 


If we wish to correct errors in a message, extra bits must be added 
which can be used to tell that there is an error and also provide enough 
\nformation so that the original message can be recovered. One way to 


Approach this problem is to forget for the moment about check bits and 


just consider messages of n bits, including checks and information. For 
(lelecting but not correcting single errors, messages must be selected so 
that the change of any one bit in any message will not result in any other 
wlocted message. A possible selection for three-bit messages is shown in 

« 4.1. Here the heavy circles represent the four possible messages, 
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which are 
001 
010 
100 
111 


From this it is clear that an error in any one bit will result in 
unintended message. Suppose the message 100 was sent but an erro 
occurred so that 110 was actually received. This was caused by an erro 
in the second, or y, bit, but the receiver has no way of knowing this. 
Actually, assuming only one error, 
he knows that the intended messa; 
was 

010 100 111 


since a single error in 2, y, OF 
respectively, in these messages woul 
have resulted in the actual messa 
received. This particular group 
messages will suffice for single-err 
detection but not for correctio 
The reason is that only two variabl 
changes are required to transform 0 
message into another. Therefore, if a message is received which is n 
one of the intended messages, there are three messages which could ha 
been sent with one bit being received in error. This type of arrangeme 
is said to have a Hamming distance of two (9), as does any single-pari 
check code, because only two changes of bits are required to transfo 
one message into another. 

An error-correcting code will require the use of distances of three 
more. If every message was separated from every other by a distani 
of at least three, a single error would leave the message only a distan: 
of one from the original message and at least a distance of two from 
others. This means that, in principle, single errors could be correc 
by comparing the received message with all the possible messages & 
selecting the nearest one. A simpler approach is to use a systema 
coding procedure for constructing such messages. Hamming (9) 
outlined such a code together with a simple method for its decoding. 

This technique involves the use of multiple-parity checks whi 
indicate an error in any one bit by a unique combination of parity erro’ 
The simplest message which could be sent would consist of one 





Fria. 4.1 
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These three-bit messages can be generated with a’ parity-checking 
scheme by using two parity bits to check the one information bit. With 
the three message bits m1, m2, and m3, checking circuit A can be used to 
check mz and m; and checking circuit B to check m; and m3: 

my, 


Me M3 





tlere the x’s indicate the bits checked by each of the circuits. If bit ms; 
is in error, both the A and B parity checks would indicate error. If the 
error was in mi, B would indicate it, and if in mz, A. In generating the 
code, m3 can be considered as the information bit and mz and m, as check 
bits. Using an odd-parity checking system and an m; of zero, m2 would 
be made one to give A odd parity and m one to give B odd parity. This 
would result in the message 110. In the same way, the message one 
would be sent as 001, which is clearly a distance of three from 110. 

With two parity check bits, there are four possible situations. Both 
shecks can be satisfied, in which case there is no error. A is not satisfied 
indicating me in error; B is not satisfied, indicating mj in error; or Heth 
ire not satisfied, indicating m3in error. This means the check bits must 
provide enough information to tell either that there is no error or, if 
(here is, where it is. 

Vor longer messages using n checking circuits and parity bits, 2” 
possible situations could be detected. Since one of these must represent 
the case of no errors, single errors could be corrected in a message of 
¥" — 1 bits with n checking bits. For the case of n equals three, seven- 
hit messages could be corrected with the following arrangement: 

Mm, Me ms m4 


ms me 





(m1) C x 0 x 
(mz) B} O x x 
(ma) A] O 0 0 x x x x 


Ii, this case there are three check bits and four information bits. The 
‘hock bits are selected as those bits which are checked by only one check- 
\ng circuit. In this way each checking circuit is independent of the others. 
m, is then chosen as the C check bit, m2 for B, and m, for A. If the 


thecks ABC indicate error in some combination, a three-bit number can 
he written for the results of these checks, a one for error, and a zero for 
formal. If 000 is the result, clearly no error is detected. If 001, C is 
Hol satisfied, indicating that the error is in bit m. 







Since an error-correcting code requires a distance of three, this m 
that two checking bits must be added, since distances of three cannot 
obtained with less than three bits. 
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The combination of checks which are in error gives a binary number w 
is the number of the bit in error. This is because the checking confi 
tion chosen for each of the bits is just the binary number for that 

One additional check bit can be used to detect double errors in 
following way: 

mo my, Me ms ma ms me My 





(m1) 
(m2) 
(ma) 
(mo) 


The three checks BCD are used in just the way that the three checks w 
used before, only check A is used to indicate whether there have 
an odd or an even number of errors. In this case mo is the check bit 
A. For one error, A will indicate error and BCD will locate it. For 
errors, A will be satisfied but BCD will indicate some single-error ¢ 
bination. Since this results from a double error, it cannot be corree 
For instance, if ms: and me were both in error, the checking circuits wol 
give 0100. The fact that A does not indicate error shows that this 
double error. Actually four pairs of bit errors could cause this r 
(mom), (mms), (mzme), or (msm). 

Example 4.4 What message would be sent for the four-bit wi 
1011 using an odd-parity single-error-correcting double-error-detec 
Hamming code? 

The process used is to write down the information bits ms, ms, Me, 
my, and then insert the check bits one at a time. For instance, the t 
message bits which are checked by D are entered and then m is d 
mined. 


awWALK 
xooo 
u OOM 
xox Oo 
HOM mM 
xx OO 
x HO- 
a) 
“MMM 


Mo m Mme ™Ms3 ms ms me mr 





D\ 0 x 0 x 0 x 0 x 
C| 0 0 x x 0 0 x x 
B| 0 0 0 0 x x x x 
Al x x x x x x x x 
Word.........-. 1 0 1 1 
Check......... D 1 1 0 1 
C 0 1 1 1 
B 0 1 1 
A! 0 1 0 1 1 0 1 1 
Message.......-- 0 1 0 1 if 0 1 1 


Clearly mo must be determined last, since it checks all the bits. 

Example 4.5 If the message 01001011 were received in an odd- 
single-error-correcting double-error-detecting code, what would be 
desired word? 
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For decoding, the appropriate bits of the message are written opposite 
the checking circuits which correct them: 


mo MM M2. Ms mM Ms Me mM, Error 


D 1 0 0 1 1 
Cc 0 0 1 1 1 
B 1 0 d: 1 0 
Al} 0 1 0 0 1 0 1 1 1 
Correct message...........-. 0 1 0 1 1 0 1 1 
Word. ics isiscsGwasacien et 1 0 1 1 


The checking circuits indicate error as 1011, which means m; is wrong. 
When mz is changed and the four information bits extracted, the original 
word 1011 is recovered. 


The Hamming technique uses a distance of three to produce a single- 
error-correcting code and a distance of four to produce a single-error- 
correcting double-error-detecting code. Messages of any length can be 
handled in this way, but the method can be applied only for correction 
of single errors. A more complicated coding system has been proposed 
by Reed (20) which provides for detection and correction of large numbers 
of errors in messages a power of two in length. 


4,8 Summary 


Many types of codes have been devised for use in computers or in 
communications systems. One of the most important ways of deciding 
which code is best for a certain application is to compare their effective- 
ness for detecting or correcting errors. Another and often overriding 
consideration is related to the cost of the resulting system. That is, a 
particular code may have some very desirable theoretical properties but 
the complexity of the equipment required may be too great. 

Many of the problems in computer design are related to codes. A 
iumber of the examples in the following chapters are concerned with the 
design of coding equipment, so it is important first to understand some of 
(he reasons behind their selection. 


PROBLEMS 


4.1 How many different words can be constructed by rearranging the letters in 
the word digital? 

4,2 How many different words can be constructed by rearranging the letters in 
the word analytical? 

4.3 How many different five-card hands can be deait from a deck of 52 cards? 

4.4 How many different five-card hands which contain no pairs can be dealt from 
# (lock of 52 cards? 
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4.5 How many different five-card hands which contain exactly one pair can 
dealt from a deck of 52 cards? - 
4.6 What is the value of (0.999997)! to ten-place accuracy? 
9 


4.7 What is the value of ». Cc}? 
i=3 

4.8 What is the probability of throwing a six exactly three times in five thro 
with a standard six-sided die? 

4.9 What is the probability of throwing three heads with four coins exactly one 
in four throws? - 

4.10 What is the probability of throwing at least two sixes with three dice 
least once in four throws? 

4.11 How many four-bit decimal codes are possible for which the ones complem 
of the bits produces the nines complement of the digits? 

4.12 If the probability of single-bit errors is p, what is the probability of undetect 
single-bit errors in the four-bit binary-coded decimal code? 

4.13 If the probability of single-bit errors is one per hundred, what is the pro 


ability of undetected errors in a three-out-of-six code? Give the answer accurate 


six places. 

4.14 Show how the modulo-eleven check sum can be obtained without divisio 
and show why the method works. 

4.15 The modulo-nine check sum for a number can be obtained by adding all t} 
digits of the number by normal decimal addition; the digits of this number are t 
summed again, and so forth, until one digit results. This is either nine or the mod 
nine check sum. Why? 

4.16 A 2n-bit binary number can be considered as made up of n two-bit charac 
of radix four. If the probability of individual bit error is p, what is the probabilit 
of undetected errors? Neglect the case of double errors in any one character 
include the check as one of the n characters. Use modulo-three checking. 

4.17 For a single-parity check, what is the probability of undetected errors in 
12-bit binary number, including check, with a probability of a single-bit error of 0.0 

4.18 For a single-parity check, what is the probability that an accepted mess 
will be correct in a 15-bit binary number, including check, with a probability of 
single-bit error of 0.01? 

4.19 Give the Hamming single-error-correcting double-error-detecting odd-pari 
message which would be sent for the four-bit word 0110. 

4.20 Using the Hamming single-error-correcting double-error-detecting od 
parity code, what words can be recovered from the following messages: (a) 0000101 


(b) 10110101; (c) 00111111? 




















CHAPTER 5 
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Boolean algebra is particularly useful in switching-circuit design 
because it enables the designer to determine the complexity of many 
circuits from the equations representing their performance. Since this 
circuit complexity is directly related to the complexity of the correspond- 
ing algebraic expression, any algebraic simplification will also reduce the 
circuit. Several techniques have been developed which greatly simplify 
the problem of factoring algebraic expressions. They are important both 
because they save time and because they provide a graphical means for 
determining the most desirable alternatives. 

The minimizing chart developed at the Harvard Computation Lab- 
oratory (26) provides a chart method for factoring. It has the dis- 
advantage of becoming quite cumbersome, even for five variables. A 
newer method (16, 17) developed by E. J. McCluskey uses standard 
factoring combined with the minimizing chart technique to achieve the 
fume purpose. This method can be applied to problems with many 
aad and has the advantage of being suitable for machine computa- 
tion, 

or problems with only a few variables, E. W. Veitch (27) and M. 
Karnaugh (14) have proposed graphical techniques for factoring which 
have the advantages over the chart techniques of being simpler and 
faster. The Veitch technique is generally not useful for more than the 
four-variable case, while the Karnaugh map can be easily extended to 
lundle six-variable problems. Since the great majority of switching- 
vircuit design problems can be handled with six-variable maps, only the 
K\urnaugh map is described in this chapter. The other techniques are 
hoth useful and interesting and deserve the attention of anyone wishing 
greater insight into the subject. 


5,1 The Karnaugh Map 


The Karnaugh map uses a graphical factoring technique on:a map 
which is quite similar to the Venn diagram. Actually, factoring can be 
91 
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done directly on a Venn diagram. For instance, the function 
f(x,y,2) = x'y2!’ + x’y2 + ay’2! + xy2’ 


is shown by the shaded area in the Venn diagram of Fig. 5.1. In order 
to factor this function, we wish to find the simplest set of product terms 
which, when summed, will cover the complete shaded area of Fig. 5.1, 
Figure 5.2a and b shows two such factors which, when summed, will 
cover the complete function. This would mean that 


f(a,y,2) = xy! + x'yz + ay’! + aye! 
= a'y + x2’ 
This, of course, is the factored function. 

Instead of circles being drawn for a Venn diagram, rectangles could 
have been used just as well. In 
this way, a three-variable diagram 
would look like Fig. 5.3. The 
eight minimum areas are show? 
in the squares on this chart, which 
isa Karnaugh map. In addition 
zeros and ones are marked at th 
edge to show the rows and col 
umns in which z, y, and z are 
primed and unprimed, respec 
tively. In this way, the 2’yz 
rectangle is in the x’ row and th 
yz’ column, which is the same 
the zero row and 10 column. 















Fia. 5.1 


Next the function 
f(x,y,2) = x'y'e + a’yz + xy'2’ + xy’2 


can be factored on a Karnaugh map. First, instead of the areas for the 





(b) 


Fra. 5.2 a. we’. db, a’y. 
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terms being shaded, a one is marked in each square needed to represent 
the function and a zero in the rest, as shown in Fig. 5.4. 

This map arrangement is particularly useful for factoring because any 
two adjacent squares differ in only one variable. For instance, xy’z’ and 





Fia. 5.4 


vy'z are the two leftmost squares in the bottom row and they differ 
only in that z is primed in one and not in the other. 


Also 
zy'z' + ay’z = xy’ 


so that the z factors out. This means that if ones are in two adjacent 
squares, they can be factored. The factored map for this function is 


shown in Fig. 5.5, with each of the 

factors enclosed with a line. The eee: Seen 
00 Ol 1 10 

oo Miesegeceen ea 

Z 


result is 
(x,y,z) = a'y’z + a yz 
’ y y 
Fie. 5.5 f(x,y,z) = zy’ + 2’z. 


+ ays’ + xy’z = ay’ +22 
The answer, zy’ + 2’z, can be 
found directly from the map. The 
Way this is done is to examine vari- 
able combinations which define an 
area. For instance, in Fig. 5.5, x’ 
defines the four squares in the top 
row. Furthermore, z defines the middle two squares in any row. Asa 
result, 2’z defines the two middle squares in the top row, or one of the 
fuctors. The result of a factoring on a map can then be found by writing 
(down the combinations of variables which define each circled area. 
Adjacent squares can be combined to form a factor because they differ 
in only one variable, but the squares at the two ends also differ in only 
one variable. The top left square, for instance, is z’y’z’ and the top right 
in w’yz’, so that this pair also forms a factor. The map must then be 
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considered as drawn on a cylinder, with the ends touching. In this way, 
all the squares which can be factored are truly adjacent. 

So far, squares have been combined only two at a time. The objective 
is to reduce functions to their simplest form, which means that as few 
terms as possible should be used, each with as few variables as possible. 
Also, every one must be included in the factoring but need be included 
only once. If a one is included more than once, a correct answer will 
still result, and the answer may even be simpler than otherwise. 

In order to keep the number of factors to a minimum, as few combina- 
tions of terms should be used as possible. In Fig. 5.5 the factor y’z 
could have been included, but it would have covered ones which were 
already included and so add nothing. 

The problem of keeping each of the factors as simple as possible 
involves the number of squares which are included in any one factor. For 





Fie. 5.7 f(a,y,z) = 2! + ay’. 


Fig. 5.6 f(z,y,z) = v’y +2. 


instance, if all the squares in the top row contained ones, x’ itself would b 
a factor and so all these four squares could be enclosed by one line. In 
similar way, any group of four adjacent squares could be covered, bw 
only if they are either all in a line or form a square. The two followin 
examples should serve to illustrate the foregoing points. 

Example 5.1 Factor the following function: 


f(x,yz) = a'yle + x'y2! + x'ye + xy’ + aye 


A map of this function is shown in Fig. 5.6, with its factoring. As car 
be seen, the middle group of four ones can be factored, giving z, leavin 
the one only in x’yz’.. This can be factored with the one in a’yz, which 
has already been covered, to give x’y. The answer is, then, 


f(ayz) = wy +2 
Example 5.2 Factor the function 


f(wy,z) = alyle! + a'ye! + ay'e! + wy'e + ye! 
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an 


Figure 5.7 shows this function factored on a map, yielding the answer 
S(x,y,2) = 2! + xy’ 


In this case, four ones have been factored by considering the map as if it 
were drawn on a cylinder, giving the 
z’ term. 


1% 
00 10 
Again, the way that the variables * 
are assigned to each of the factors is 0 
as follows. Each of the ones in the 


factor of four ones must have one 
variable in common. In examining 
the four ones in the factor in Fig. 5.7 
it is clear that they have only z’ in (a) 
common. This factor is then 2’. 

l’or the two-square case, each of the 

ones must have two variablesincom- * 
mon. In this case zy’ is the factor. 9 

In the general case, covering a sin- 
gle square does not remove any of the 
variables, so they all must occur in 
(he resulting term, either primed or 
unprimed. If two squares are cov- 
ered, one variable is removed. For 
four squares a total of two are re- 
moved and so forth. 

The use of a map simplifies factor- 
ing because the eight minterms are 
arranged so that possible factors are 
ousily recognizable. For instance, a 
one which cannot be associated with 
any others will result in a term con- 
(nining all three variables, as in Fig. 
h.8a. If two squares can be factored 
(ogether as in Fig. 5.8b, one variable 
in climinated, leaving only a two- 
variable term. If four ones can be factored, two variables will be 
eliminated, leaving only one, as in Fig. 5.8c. 





Fie. 5.8 a. f(x,y,z) = v’y’2. 
b. f(z,y,z) = x'y. 
c. f(x,y,z) = 2’. 


5,2. Negatives on Maps 


The Karnaugh map is merely a rearrangement of the Venn diagram 
which was used in Chap. 2 Therefore, since the zeros in the map 
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siderably. In the drawing of a four-variable map, all squares which can 
be factored should be adjacent. The arrangement used is shown in 
Vig. 5.10 with the w, 2, y, and z rec- 
tangles indicated. In working with 
four-variable maps, the variables ~ 


represent the negative of the function represented by ones, factoring the 
zeros gives a reduced form of the negative. If the negative of thi 
factored result is taken, the original function will be obtained reduc 
in an alternate form. The reason is that factoring ones gives the answ 
as the sum of several product terms. Factoring the zeros and taking the 


YZ Y 


a 
00 01 1 10 








negative will then give an answer will not be shown directly, but ones ag 
fod ee 10 composed of products of sum terms. and zeros will be given at the edges 
Example 5.3 Factor the function to indicate the variables which are 
_ : ; primed and unprimed in each row 1 
Se.y2) = aye + aye’ + tye and column. x 
The map of this function is shown In factoring on a four-variable HM 
in Fig. 5.9a with the ones covered. map, the same procedure isusedasin , 
This gives the answer the three-variable case, but the fac- 6 
tors may include one, two, four, or 
S(a,y2) = ay + 22 dey Heh aes 


eight squares each. These four pos- ee 


sibilities are shown in Fig. 5.11. Fig. 5.10 


The factoring technique with four- 
variable maps can best be shown with the following examples. 
Example 5.4 Factor the function 


Covering zeros as in b gives the ne 
ative of the function, which is 


f'(@y,z) = a! + 2! 
and the negative of this is 
S (x,y,z) = xy + 2) 


This is clearly equal to the earlier ex 
pression, only it is in simpler form. 


S(w,x,y,2z) = w'a'y’2 + w'a’y2! + w'a'yz + w'oy'2 + w'ryz 
+way's! + wary’e + wa'y’2’ + we'y'z 
The maps of this function with both the one and zero factorings are 
shown in Fig. 5.12. The ones factoring gives 





as rs bibles nae. A simpler expression can oft 


be obtained by factoring zeros an 

taking the negative, but both cases must be tried to find which gives t 
best answer. 

For instance, the map in Fig. 5.7 gave 


f(x,y,z) = 2’ + ay’ 


by covering ones. Covering zeros gives 


f(w,2,y,2) = wy’ + w’'2 + w'o’y 
‘The zero covering gives 
f'(w,x,y,2z) = wy + w'y'2’ + xyz’ 
the negative of which is 
S(w,2,y,2) = (w' + y')(w ty + 2a’ +y' +2) 


Which is not so simple as the ones factoring. The ones could have been 
#overed in several ways on the map in Fig. 5.12a, but the covering shown 
fosults in the simplest final form. For instance, the four ones in the y’z 
#olumn could have been circled, but these are already covered by the 
factoring of the other ones. 

Again, the way that the expressions for each of the factors is obtained 
js to look for variables which are common to all the ones included. In 
the lower left factor of Fig. 5.12, for instance, the common terms are 
found by looking first at the left-hand labels for each of the rows in which 
the factored ones appear. These entries are 11 and 10, so the w is 

mmon to the two rows and must occur in the resulting term. In the 


S'(ay,2) = ye + az 
which, when the negative is taken, gives 
S(a,y,2) = (y’ + 2’) + 2’) 


This is not so simple as the expression obtained by covering ones. 


5.3 Four-variable Maps 


A four-variable Venn diagram would be quite complicated, but the 
of rectangular areas as in the Karnaugh map simplifies the problem ¢ 
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© same way, the entries over the two columns in which the factored ones 
occur are 00 and 01, so that y’ must also occur in the term. This yields 


eats! the result wy’. The other terms are obtained in the same way. 





an Example 5.5 Factor the function 
[(w,x,y,2) = w'a'y’e! + w'e'y'e + w'x'ye! + w'ay’e + wa'y’2! 
01 +w2'y’2 + wa'ye! 
The factoring of this function is shown in Fig. 5.13. In the ones 
n vovering in Fig. 5.13a, all of the four corners have been factored together 
lo give the term z’z’. This is possible because the four-variable map can 
10 be considered continuous both from one side to the other and from top 
¥.2 YZ 
00 01 1] 10 
wW,X mes 
00 00 
01 2 
nN 11 
10 10 





{a} (b) 
Mia, 5.13 a. f(w,x,y,z2) = xz’ + 2’y! + w'y’2, 0d. Sf’ (w,2,y,2) = x2’ ++ yz + wa. 





Fig. 5.11 a. f(w,z,y,2) = way'z. db. f(w,2,y,2z) = w'xy. ¢. f(w,2,y,2) = ty. to bottom. This can be visualized if the four-variable map is considered 
a. f(w,2,y,2) = w. is drawn on a toroid or doughnut. The two left-hand ones in the top row 
ive factored with the two in the bottom row to give the z’y’ term. The 


fomaining one is covered to give w’y’z. The answer is 





we f(w,2,y,2z) = 22’ + 2'y’ + w'y'z 

00 2 Tho zeros covering is shown in Fig. 5.13b and yields the answer 
01 J’ (w,2,y,2) = x2! + yz + we 

7 wid the negative is 

7 : S(w,2,y,2) = (x' + z)(y' + 2/)(w’ + ov’) 

10 10 





This is simpler than the ones factoring. 


b 
(a) (b) 


In some of these examples of factoring the answer has not been reduced 
Fra. 5.12 a. f(wyt,yye) = wy! bole + wle’y. db. f'(wyamye) = wy + w'y'e! + 


) timlpest form. For instance the result of the zeros covering in 
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These conditions are given in an abbreviated minterm form. Each 
of the minterms is indicated only by its subscript, and the 2 indicates 
that they are all summed. In order to make it easier to locate the right 
square for each of the minterms, the decimal equivalent for each of the 
minterms can be written above each of the columns and beside the rows. 


Example 5.5 can be further reduced as follows 


flwjayyse) = (a! + 2)(y' + 2) QW! + 2°) 
=! + way’ +2) 
The map factoring technique which has been discussed so far results in 
two-level form. That is, the answer is the sum of simple product te 
or the product of simple sum terms. Multilevel forms can be obtain 
directly from maps by a technique which is outlined later in this chap 






















0 
yz 


5.4. Don't-care Conditions 


The design of a switching circuit is usually started by listing the con 
tions under which the circuit is to be closed and then assuming that 
should be open under all the remaining conditions. This assumption 
not always true, however, and can often result in an unnecessarily co 
plicated design. The requirements of the circuit and the performa: 
of the system for which it is intended must both be examined. In 
specification of a complete system we sometimes find that certain ¢ 
binations of variables will never occur. As a result, we don’t care W. 
the circuit output is for these combinations of the variables. 

These don’t-care conditions can be effectively used on a Karnaugh 
In the first place, a don’t-care condition cannot be marked with a 
because this would require that an output be produced under these ¢ 
ditions. Likewise, putting a zero in the square for the don’t-care 
ditions would require no output. In order to distinguish them from 
and zeros, a cross will be used for the don’t-care conditions. 

In factoring on a map, the crosses may be assumed to be either 
or one, whichever gives the best answer. In addition, a cross need 
be used as, say, a one in both the ones and zeros covering. In each 
the choice depends only on the resulting simplicity of the factoring. 
means that if the cross is used as, for instance, a one in the ones facto’ 
and a zero in the zeros factoring, these two factorings will not 
answers which are algebraically equal. This is because the selection 
the don’t-care condition as a one in one case and a zero in the other re 
in different minterm expressions for the output and thus different functii 

Example 5.6 Given the functional output requirements 


f(w,x,y,2) = 0, 4, 5, 6, 9, 12, 13, 14 





Fig. 5.14 b. f(w,2,y,2) = zy’ + w'e! + x2’ + wy’z. 
: c. f'(w,x,y,2) = w'a'2 + yz + we'e’. 


Minterm ms can be located in row four, column one, and my is in row 12, 


#olumn two. The map for these conditions is shown in Fig. 5.14a. The 
ones factoring in b yields 


and the don’t-care conditions 
d(w,x,y,z) = 22,7 


in minterm form, find the simplest two-level form by ones or 
factoring. 


f(w,2,y,2) = xy’ + w'e! + x2’ + wy’z 


In this case one of the don’t-care conditions is used as a one and the other 
fa szero. If the don’t-care conditions had both been zeros, the w’z’ term 
ould have had to be w’y’s’ instead. The zeros covering shown in Fig. 
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5.146 yields the factors 
f'(w,2,y,2) = w'x'2 + ye + we'2’ 
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simple geometrical shape. This is because each group of two, four, or 
eight terms which forms a factor are, so to speak, adjacent. When the 
map is extended to more than four variables, this adjacent property for 
factors cannot be retained entirely. A three-dimensional map would 
retain this property up to the six-variable case, after which it would again 


the negative of which gives 


fway,z) = (wtrt27)yt2)w+2+2 








Tn this case the two don’t-care conditions were chosen the same as in i | 3 2 AA 1 3 2 
ones covering, so that the answers obtained by both methods are al 00 =O nN 10 00 =O i 10 


braically equal. The zeros covering is somewhat simpler than the oni 


covering. 0 
Example 5.7. Given the functional output requirements 
. f(w,x,y,z) = Zl, 3, 7, 8, 9, 11, 15 ‘ 
and the don’t-care conditions 2 
d(w,x,y,z) = 25, 6, 10, 14 
6 


in minterm form, find the simplest two-level factored form. 
The unfactored map is shown in Fig. 5.15a, and the ones coveri 
is shown in b. This factors to 


f(w,x,y,2) = w'e + we’ + ye 


by using two of the don’t-care conditions as ones and two as zeros. 
The zeros covering yields the expression 


f'(w,x,y,2) = w'e! + ay’ 
and the negative of this is 
f(w,2,y,2) = (w+ 2)(@' + 9) 


In this case two of the don’t-care conditions are used differently from 
the ones covering, so that these two answers are not algebraically eq 





5.5 Many-variable Maps 


Fra. 5.15 b. f(w,x,y,z) = w'e + we! + yz. ©. f’(w,a,y,z) = w'e! + ay’. 


The great advantage of the Karnaugh map is that it provides a sim 
graphical presentation of a function and allows an easy selection of 
best two-level factoring. Unfortunately the factoring problem becom 
considerably more complicated if more than four variables are u 
Several techniques can be used for up to six variables, but beyond 
they also become quite involved. The method discussed in this sec 
can be used for more than six variables, but it becomes increasi 
difficult to recognize the geometrical patterns for the various factors. 

In the four-variable map, terms are combined to form factors in gr 
of two, four, or eight. Each of these types of factors forms a relati 


be lost. In order to expand the number of variables and still work with 
(wo-dimensional maps, geometrical patterns which are somewhat more 
somplicated than rectangles and squares have to be used. 

Bef ore an attempt is made to work with larger maps, the first problem is 
to figure out how to draw them. In the four-variable case, the rows and 
#olumns are labeled successively in the following way: 


(y,z): 00, 01, 11, 10 


Aw can be seen, only one of the two variables changes in going from one 
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column to the next. That is, in the first two columns, y is primed; in 
two middle columns, z is unprimed; in the last two, y is unprimed; 
in the first and last, zis primed. This then means that any two adjace: 
squares differ in only one variable. 

In work with more than four variables, three or more variables m 
be used for labeling the rows or columns. The rows should also 
arranged so that if any two adjacent squares contain ones, they could 
factored. This can still be done if the rows and columns are labeled 
the following way: 


(xyz): 000, 001, 011, 010, 110, 111, 101, 100 
With this arrangement, there is still a change in only one variable betw 
two adjacent terms. In the five-variable case each square should 
0 1 3 2 6 7 5 4 


%YiZ 
000 001 O11 010 110 111 4101 100 
vw 


0 00 












24 #11 


16 10 


Fia. 5.16 


adjacent to five other squares. For instance, 11111 should be adjacent 
01111, 10111, 11011, 11101, and 11110. 

In working with two dimensions, a five-variable map is drawn as 
Fig. 5.16. This map is divided down the center by a double line 
indicate the symmetrical way in which factors can be drawn. If t 
line is considered as a mirror, the “reflected” square is always a fac 
as well as the adjacent squares. Each half of the five-variable map is 
four-variable map. A corner term can therefore be factored with 
two adjacent squares, the two adjacent corners in the four-variable 
and the reflected corner in the other map. Figure 5.17 shows some of 
ways in which a five-variable map can be factored. 

Six-variable maps are built up in the same way, but there are ei 
rows which are labeled in the same way as the eight columns. 
following examples should illustrate the methods of factoring with ] 
maps. 

Example 5.8 Factor the following function on a five-variable ma’ 


f(v,w, x,y,z) = 20, 1, 4, 17, 19, 27, 31 
d(v,w,x,y,2) = 25, 10, 11, 16, 23 
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0 1 3 2 6 7 
] 


24 


16 





Via. 5.17 a. v'w'y’2 + v'wyz + vwy2’ + vw’y'2! + vwz'y’. 
b. v'w'z + v'wa! + owe! + ow'y’. c. xy’ +u’2 + wy. 


igure 5.18 shows the ones and zeros factorings. The ones covering 
yields the answer 
f(v,w,x,y,2) = v’w'y! + way’ + vyz 
The zeros covering gives 
f'(v,w,2,y,2) = v'y + wy! + ye! + vey’ 
which, when complemented, gives the alternative answer 
f(v,w,x,yyz) = (v + y')(w' + u(y! + 20! + a + 9) 
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Fia. 5.19 
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Fia. 5.18 





Example 5.10 Factor the following six-variable function: 


f(u,v,w,2,y,2) = 29, 11, 15, 16, 20, 22, 25, 29, 41, 45, 50, 52 
d(u,v,w,x,y,2) = 20, 2, 13, 18, 31, 38, 43, 47, 48, 53, 54, 56 


The factorings for this function are shown in Fig. 5.20. The ones 
factoring is 


Example 5.9 Factor the following five-variable function: 


f(v,w,x,y,z2) = 21, 9, 11, 15, 16, 17, 24, 31 
d(v,w,x,y,z) = 20, 4, 8, 10, 138, 22, 27, 28 





The factorings for this function are shown in Figure 5.19. The ones 


U Uy , tyt 
covering is f(u,v,w,2,y,2) = v’we + u'wy'z + vw'z 


f(v,w,x,y,2) = a’y’e’ + w'a'y! + v'we + wyz ‘The zeros factoring is considerably more complicated and is 
ua — 4@/ary! Ul 
and the zeros covering gives f'(u,v,w,2,y,2) = v'w! + we + wa! + ww + vyz 


‘The negative of this is 


S(u,v,w,x,y,2) = (v + w)(w + 2)(w! + z)(ul +o’? + w')Qo! + y! + 2’) 


f’(v,w,,Y,2) an wy + ye + ay’ + vwx'z 
The negative of this is 
f(v,w,x,yjz) = (w+ yy +2’ + yo tw’ +242’) 


and is slightly simpler than the ones covering because it contains two less 
literals. 


The factoring on a six-variable map is substantially more complicated 
(han on four- or five-variable maps. For instance, on the zero covering 
in Example 5.10, the wz’ term covers 16 zeros. These are in the two 
middle rows of the top and bottom pairs of maps and are in the two end 
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and two middle columns. The fact that these squares can be factored 
together can be recognized because they form mirror images across the 
double lines, both horizontally and vertically. 

In order to work with more than six variables, the map must be further 
expanded and the rows and columns arranged in appropriate order. The 
order which is used for up to six variables and can be used for larger maps 
is the so-called Gray code (8). This code is one in which the binary 
numbers are arranged in such a way that only one bit changes from one 
number to the next. 

A Gray code sequence can be constructed by writing down the entire 
number sequence one bit at atime. For the least significant, or 2° power, 
bit, the sequence is 01100110. This is an alternating sequence of pairs of 
ones and zeros. The next significant bit is constructed of alternating 
sequences of four ones and zeros: 


0011110000111100 
The next is 

0000111111110000 
and the last 

0000000011111111 


[f all these are written together, the four-variable Gray code sequence is 
obtained: 

0000000011111111 

0000111111110000 

0011110000111100 

0110011001100110 


Larger sequences can be obtained in the same way. 


5.6 Multilevel Factoring 


The factoring of Karnaugh maps shown so far yields a two-level result. 
For example, the function 


f(w,z,y,z) = 21, 5, 9, 10, 11, 13, 14 


is shown on the map in Fig. 5.21. This can be factored by ones covering 
to give 
f(w,z,y,2) = y'2e + wa'y + wye! 


It is obvious that this expression can be further reduced, since wy can 
be factored out of the last two terms. This then gives 


S(w,a,y,2) = yz + wy(2’ + 2’) 
This expression can also be obtained directly from a map by the 
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factoring shown in Fig. 5.21c. The y’z is covered as before, and the factor 
wy is also covered as if the zero contained in that square were a one. 
Since this factor wy includes more minterms than it should, it must be 
multiplied by some additional term. This term is obtained by treating 
the wy as a smaller map of the remaining variables and factoring out the 
zero. This map is shown in Fig. 5.21d and involves only the variables 


0 1 3 2 
YZ 


00 01 11 10 


w,X 


w,x 


00 





Fia. 5.21 


xz and z, since w and y were used to define it. When the zero is factored 
out, the term 2’ + 2’ is obtained, and this is multiplied by wy to give the 
answer. In practice this new map need not be redrawn because it is 
already shown on the original map. 

The way that three-level factoring is done, therefore, is to cover ones 
in the best way possible, including zeros wherever necessary to simplify 
the terms. If a zero is included in one of the terms, it must be removed 
in a factoring of the small map made up by the term containing it. The 
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result of this factoring is then multiplied by the appropriate term from 
the answer. 

A further consideration is demonstrated by Fig. 5.22. Here, two 
coverings overlap, and each must have one zero removed. The most 
straightforward approach is just to factor out the zeros individually, but 


0 ] 3 2 
y,Z 
00 Ol iB} 10 
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this does not lead to the simplest answer. As shown in Fig. 5.22a, a one 
can be factored with each of the zeros. The reason that this is possible 
is that a one needs to be included as a one in only one term and a zero 
must be treated as a zero for every term. In Fig. 5.220, one term is 
factored, including one zero, and it is assumed that all the terms shown as 
w’s will be included as ones in another term. The reason that mi; is 
chosen as a don’t-care condition is clear when the zero is factored out. 
This first term then gives 
w(a + 2’) 
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412 nh $ 
The final factored answer is 


w(x + 2’) + y(a’ + 2) 


This process of dividing a map into several factors and considering 
ones in one factor as don’t-cares in another is very useful for multilevel 
factoring. The possible factors must be visualized, and the desirable 
don’t-care conditions for each selected. With a little practice this can 
be done on one map. Several alternative factors are often possible, and 
they cannot be compared on the map as easily as in the two-level case. 
As a result, a number of factorings may have to be made and the results 
compared. 


ce) 1 3 2 6 7 5 4 
XYZ 


000 001 O11 O10 110 111 +101 100 
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Example 5.11 Factor the following function on a five-variable map: 
f(v,w,x,y,2) = 21, 9, 11, 15, 16, 17, 24, 31 
d(v,w,x,y,z) = ZO, 4, 8, 10, 18, 22, 27, 28 





his is the same function as in Example 5.9 and is shown again in Fig. 
,23. The ones covering is shown in } and is 


S(v,w,t,y,2) = walv! + y) + x'y’(w! + 2’) 


Au with the two-level case, the same factoring process can be used with 
soros to obtain the negative of the function. The zeros factoring for this 
problem is shown in Fig. 5.23c and is 





Fie. 5.23 


The second term is then factored by making all the don’t-care conditions 
on the first map ones on the second and all the ones on the first 

don’t-cares on the second. This now gives the factoring in Fig. 5.2 
oe y(a’ + 2) S'(vw,x,y,2) = y(2’ + w’) + vwy’z + ay’ 
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The negative of this is 
fo,w,c,y,2) = Yo tee tu tyt+z2e +n 


which is not quite so simple as the ones covering. 
Example 5.12 Factor the following function on a six-variable map: 


f(u,v,w,x,y,2) = 29, 11, 15, 16, 20, 22, 25, 29, 41, 45, 50, 52 
d(u,v,w,x,y,z) + 20, 2, 13, 18, 31, 38, 43, 47, 48, 53, 54, 56 


This is the same function as in Example 5.10, and its three-level ones 
factoring is shown in Fig. 5.24. This yields i 


f(usv,w,2,Y,2) = vw'2! + we(u’ + v')(v" + y’) 


Four-level factoring can be done on a Karnaugh map, but the proces 
becomes quite complicated. For any number of levels higher than three, 
it is usually advisable to make several three-level factorings and attempt 


to simplify them algebraically. 


PROBLEMS 


6.1 Construct a three-variable map for the function f = mz + ms + ms + me. 

5.2 Construct a three-variable map for the function f = mo + mi + ms + Ms fe 

5.3 Factor the following three-variable function on a map, and give the answer i 
simplest form: f = mo + mz + ms + mz. 

5.4 Factor the following three-variable function on a map, 

in simplest form: f = mo + m1 + m2 + ms + Me. 

5.5 Give both the zeros and ones map factorings for the three-variable functii 

f =m, + ms + M7. 
5.6 Give both the zeros and ones map factorings for the three-variable functi 
f =m +m, + mz. 

5.7 Give both the zeros and ones map 
f =m tims + mo + me + Mis + mus. 

5.8 Give both the zeros and ones map factorings for the four-variable functi 
f =m +m + ms + ms + mio + miu + Ms + M5. 

5.9 Give both the zeros and ones map factorings 
f = mo +m + ms + my + ms + Ms + mio + Mu. 

5.10 Give the simplest four-variable map factoring for the function f = m 
m3 + my + mu + Mu + M15. 

5.11 With the use of a map, reduce the following function to simplest for 
f =x'y’2’ + ay’ + w'ye + ware + wa'y + x'yz'. 

5.12 With the use of a map, reduce the following function to simplest fo: 
f=(wta t2wte ty t2w' +s +2'\(@@ ty +2’). 

5.13 With the use of maps, find the simplest form for the sum of the two functio 
f = w's'y'2!’ + waz + xyz + we'y’z and g = (w’ + z)(w’ + z)(w +2’ +y')(w 
z +2). 

5.14 With the use of maps, 
functions, f = w’xy’ + waz!’ + 2’y'z + wyz + w’yz’ and 
y t2’\(w' +y +2’). 

5.15 With the use of maps, 


and give the answ 


factorings for the four-variable functi 


for the four-variable functi 


find the simplest form for the product of the 
g=(w+eteiwt+a’ 


find the simplest form for the function Fem fg+ 
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where f = way’ + yz + w'y2’ + a'y2’,g = f 
g=(wtet z'\(x! 0 , 
vy +2’), and h = wry’ + we’ + oy + e' + w'r’z. icicle Ss ae: 
os Find the simplest ones and zeros factorings for the four-variable function 
f = 20, 6, 10, 13, 15, with the don’t-care conditions, d = 2, 4, 5, 7, 8. 
5.17 Find the simplest ones and zeros factorings for the four-variable function 
f = 2, 3, 4, 9, 11, with the don’t-care conditions d = 25, 6, 10, 12, 13, 14. 
5.18 Find the simplest ones and zeros factorings for the five-variable function 
J = 22,8, 9, 13, 22, 27, 29, with the don’t-care conditions d = 36, 12, 18, 24, 25, 26, 31. 
, 5.19 Find the simplest factoring for the six-variable function f = 210, 12, 17, 23 
24, 28, 32, 33, 36, 40, 42, 46, 51 52, 53, 55, 56, 60, with the don’t-care eoudiions 
d Pe 2 8, 11, 14, 16, 19, 20, 21, 37, 43, 44, 48, 49, 57. 
5. ind the simplest ones and zeros three-level factorin i 
( s for th - 
function f = 20, 2, 3, 4, 5, 6, 7, 18, 15. ana 
5.21 Find the simplest ones and zeros three-level factori i 
: -| ctorings for the five-variable 
function f = 24, 6, 10, 11, 15, 18, 20, 24, 26, 30, 31, wi 
] ’ , ? ? , , ’ with the d t- iti 
d = 29, 12, 14, 16, 19, 21, 22, 29. Sorin ecmunne 
5.22 Find the simplest ones and zeros three-lev: i 
; -level factoring for the five-variabl 
function f = 22, 3, 7, 10, 14, 15, 16, 18, 20, 22, 26, 28 i : 
: ? , ’ , ’ 2 30, h t- i- 
uote a a ; with the don’t-care condi 
5.23 Find the simplest ones and zeros three-level factori i 
: - torings for the five-variable 
function f = 20, 4, 5, 9, 10, 12, 14, 17, 21, 24, 25, 29, 30, wi iti 
979 , ’ , , ’ ’ ith the don’t- 
Lee es ac , 30, e don’t-care conditions 








_the two basic techniques which can be used, so this discussion is limite 


CHAPTER 6 


CIRCUIT LOGIC 


In addition to relays, almost any nonlinear device can be used as 
switching-circuit element. The most commonly used devices are vacu 
tubes, diodes, transistors, and magnetic cores, but the design techniq 
used for these elements can be extended to others. 

Before an attempt is made to use a new device in a switching circul 
its fundamental characteristics must be considered. First, it is eith 
bilateral or unilateral. That is, when the element is closed, it can pass 
signal in both directions or only one. _ If it is bilateral, like relay contae 
bridge networks can be used, but if not, only series-parallel combinatio 
are available. Other questions regarding the device concern the cire 
means for achieving the various Boolean operations of and, or, a 
negation. Lastly, various problems specifically related to the circui 
themselves must be solved. The number of loads which can be driven 
each circuit, the amount of delay involved in each operation, and t 
maximum sizes of the various gating structures are all important ¢ 
siderations. 

This chapter is concerned with the logical design of unilateral circui 
bilateral circuits are discussed in Chap. 8. Although many devices ¢ 
be used in designing unilateral circuits, the diode and transistor repre 


to a treatment of them. In addition, the various design limitatio 
imposed by considerations of loading, delay, and circuit size are So vari 
that no generalizations can be made. Limitations of one kind or anot 
are assumed in the examples, but these are only for illustration an 
though reasonable in most cases, are purely hypothetical. The limi 
tions which must be used in actual design can be obtained only as 
result of careful circuit investigation. 


6.1 Diode Logic 


Groups of diodes can be used to combine various input voltages 
signals to produce an output. The circuits, or gates, do nothing o 
116 
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than produce an output for a specified set of input conditions. These 
combinations can produce only the Boolean operations of and and or, 
but not of negation. As a result, each of the input variables must be 
available both directly and primed. 

The properties of diodes are quite complicated when examined in 
detail, but they can be considered in an idealized way for switching-circuit 
logical design. The generally accepted diode sche- 
matic representation is shown in Fig.6.1. Theminus i fix) 
sign indicates the cathode terminal, andthe plussign 
indicates the anode. When the voltages applied to 


R 
oko Ly 
Fia. 6.1 Fig. 6.2 


the diode are such that the anode is at a more positive voltage than the 
cathode, the diode actslike avery lowresistance. When these voltages are 
reversed, so that the cathode is more positive than the anode, it acts like a 
very high resistance. If two diodes are connected as shown in Fig. 6.2 and 
x and y both vary from zero to some small positive voltage, then the out- 
put will be the higher of the two input voltages. If a high voltage is repre- 
sented as one and a low voltage (in this case ground) as zero, then this 
circuit performs the logical or function and is called an or gate. That is, 


f(x,y) =2+y 
und the output is high if either x or y is high. An and gate can be con- 
structed in much the same way. One is shown in Fig. 6.8, and in this 





(x,y,z) =x+y'+z 


+V y’ 
R Zz 
x alx,y) : 
Y -V 
Fig. 6.3 Fic. 6.4 
case, the output is high only if both z and y are high. As a result 


g(x,y) = ry 
Since the negation operation cannot be performed with diodes, the nega- 


lives of the variables must be provided as gate inputs whenever they are 
needed. For example, a gate for the function 


S(x,y,2) =2+ y’ +2 
ix shown in Fig. 6.4 and has y’ as one of the inputs. 
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In order to make the work of drawing circuits easier and more unde A two-level diode gating structure is shown in Fig. 6.6 for the function 
standable, it is useful to adopt the shorthand form shown in Fig. 6.5. The 
resistors and voltages are not shown, since they do not contribute to thi 


logical understanding of the circuits. 


f(x,Y,2) = ry + x’z 


The diode circuit is drawn in a, and the logical diagram is shown in b. 
In working with diode logic, the most obvious logical design criterion 

is merely to minimize the number of diodes. This means that it would be 

desirable to have some way of estimating the number of diodes from a 


+V 






+ . Karnaugh map or an algebraic expression without drawing the circuit. 
In Fig. 6.6, six diodes are used to generate 
R y the function + 
x 
5 y f(x,y,2) = ay + x2 > 
Zz Y 
y si Two of these are used in each of the and 
: gates, and two more in the or gate. Eachof ,, 
z these diodes is tied to a gate input, so that, 
(a) (b) the way to count diodes is to count the 2 
(a) J number of gate inputs required. In this 
expression, the number of and gate inputs 
F required is four, two for zy and two for 2’z. Ww’ 
x yy . . UJ 
y lhe number of or gate inputs needed is’ Y 
y (wo, one for the product term zy and one 2 
x for the term 2’z. As a result, six diodes pug 67 flrojny,2) = wary 
» are needed. + w'e’2 + w’y’z. 
R The function 
- S(u,z,y,2) = wary + w's’2 + w'y’z 
(} ry (d) (b) would then require 12 diodes. The and gate inputs use three diodes each, 
Fic. 6.5 a. g(x,y,2) = xyz. Fia. 6.6 f(x,y,2) = cy +2’. ind the or gate requires one diode for each of the and gate outputs, 


b. g(x,y,2) = ryz. 
ce. f(x,y,z) =o +y +2. 
d. f(xy,z) =a +-y +2. 


bringing the total required to 12. This circuit is drawn in Fig. 6.7. 

‘The procedure for counting diodes in and-or logic is, then, 

A. Count the number of occurrences of variables in product (sum) 
lorms. 

B. Count the number of summed (multiplied) terms. 

C. The sum of A and B is the number of diodes required. 

As indicated by the parenthesis, this procedure works just as well for 
or-and logie. 

‘The number of diodes for the function 


6.2. Multilevel Logic 


Several diode gates may be used to feed other diode gates. In t 
way sums of products or products of sums can be obtained by using a 
gates to feed an or gate or or gates to feed an and gate. 

Any function can be written in the form of sums of products and 
as products of sums. This means that any logical equation can be impl 
mented with two-level diode logic as long as the necessary inputs 
available. In many cases it is more economical of diodes to use th 
level logic, but sometimes circuit characteristics limit the designer 
two-level logic. 


f(w,2,Yy,2) =wt+ayt+ x'y'z 


oan be obtained, by this procedure as follows: ry and 2’y’z are the product 
terms, requiring a total of five diodes. Since w is not multiplied by any 
other variables, it need not feed an and gate and so is not a product term. 
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The number of summed terms is three: w, zy, and 2’y’z. The 
number of diodes required is then eight. 


The procedure for counting diodes in an or-and structure is illustrate 


by the following functions: 


f(w,z,y,z) = wa + y’)(@’ +y +2’) 


The number of occurrences of variables in summed terms is two ft 


x + y’, three for 2’ + y + 2’, and none for w, since it can be fed dir 
to the and gate. The number of terms which are multiplied togethe 


three: w,x + y’,and2’+y+2’. This means that the total number 


diodes required is eight. 
This procedure for counting diodes can be extended to three-level | 
as illustrated by the following function: 


f(w,x,y,z) = way + w'e(2!’ + y') 


The x’ + y’ or gate requires two diodes. Each of the two and gates 
three inputs, requiring six diodes. The final or gate has two di 
bringing the total to ten. In two-level logic, this function requires 
diodes, so that three-level logic provides a saving of two diodes. 

The following examples demonstrate some of the ways in which di 
circuits can be designed. 

Example 6.1 Design the diode gate structures for converting f 
BCD to excess-three code. 

The ten BCD numbers and the desired excess-three numbers are shi 
in Table 6.1. From this table, the minterm expansions for each of 


Tas_e 6.1 














Binary | Excess three 

wxryz 3210 
0 0000 0011 
1 0001 0100 
2 0010 0101 
3 0011 0110 
4 0100 0111 
5 0101 1000 
6 0110 1001 
7 0111 1010 
8 1000 1011 
9 1001 1100 





bits of the excess-three code can be obtained. For the least signifi 
bit ao, an output is required when the input is 0, 2, 4, 6, or 8, 80 


fo(w,x,y,2) = 20, 2, 4, 6, 8 . 
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Fic. 6.8 a. fo(w,x,y,2). b. filw,z,y,2). ¢. fa(w,x,y,2). d. fa(w,z,y,2). 


Similarly, the functions for the other bits are 


fi(w,x,y,2) = X0, 3, 4, cf 8 
fo(w,x,y,2) = 21, 2, 3, 4,9 
fa(w,z,y,2) — 25, 6, 7, 8, 9 


Maps for each of these functions are shown in Fig. 6.8, and the factored 
functions are 

fo(w,2x,y,2) = 2 

Si(w,x,y,2) = y'2’ + yz 

fa(w,a,y,2) = v'(y + 2) + ay’e’ 

Sa(w,x,y,2) _ w+ x(y + 2) 
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uired for fo, since the output can be 
taken directly as the z’ input. The number of 
diodes required by the other functions are, re- 
spectively, 6, 9, and 6, a total of 21 diodes. The 
resulting gating circuits are shown in Fig. 6.9. 
Example 6.2 Design the gating structures 
for correcting binary-coded decimal addition 
after it has been performed. Assume that the 
standard correction process is used; that is, am 
extra six is added in forming the sum. Noco 
rection is needed if a carry is produced, and @ 
six must be subtracted if no carry is produced, 
The required outputs for each of the 32 p 
sibilities are given in Table 6.2. Since fiv 
variables are involved, the minterm expresslo: 
for each of the functions must include the ca 
variablev. Using this as the most significant 
the five variables in the minterm expansh 
gives the following conditions for each of th 
functions: 
fo(v,w,x,y,z) = 27,9, 11, 13, 15, 17, 19, 21, 23, 
filv,w,x,y,2) = 28, 9, 12, 13, 18, 19, 22, 23 
fo(v,w,x,y,2) = 210, 11, 12, 13, 20, 21, 22, 23 
fs(v,w,x,y,2) = 214, 15, 24, 25 


TaBLe 6.2 








v (carry) 
3210 











0000 
0001 
0010 
0011 
0100 
0101 
0110 
0111 
1000 
1001 
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The don’t-care conditions for all these functions are 
d(v,w,x,y,2) = 20, 1, 2, 3, 4, 5, 26, 27, 28, 29, 30, 31 

The conditions my through m; cannot occur because a six is added in the 
sum process itself. The smallest sum which can be produced without a 
carry is six, and subtracting the six correction gives the final value of zero. 
The no-carry sum can therefore have any value from 6 through 15. The 
sum with the carry is not corrected, so it must produce answers ranging 

Oo Tt 93 2 














a a ae 02 6 2 67 8 4 
XY,Z XY, 

vw 000.001 011 010 110 111 101 100, , 000 001 011 010 110 111 101 100 

0 oof x [Tx] x] o [TPR x] 0 ooffx tx] x] xo] o [xa] 


solo [fofo[rplpe] «or 

ve nf off [x [xP x] x [x] ] 200 

DOnGOMnK 
(a) 


Wha] ofofofofaty 
(0 | 0 [TXT XPRY x | x 
fo fo fifi [yo | 0 | 


(b) 


0 13 2 67 5 4 Oo 1 3 2 
XYZ 
000 001 011 010 110 111 101 100 


6 7 5 4 


XYZ 


vw 000 001 011 010 110 111 101 100 

0 oof x | x| x] x [Poy x] x] 

8 of of o [7 T tyiflof of] 1 | a] 

a nfolo ki Six] x] x [x] 24 n[Co eek gp] 

sto} ofofololtifil i} 6 wlofofofofofofofo 
(c) 


(d) 
Fie. 6.10 a. fo(v,w,x,y,z). 6. fi(v,w,2,y,2). d. fs(v,w,2,Y,2). 











c. fo(v,w,x,y,2). 


from zero to nine. These minterm values for a one carry are m6 through 
Ms, With mz5 through ms: as don’t-care conditions. 

Maps of each of these functions are shown in Fig. 6.10 and give the 
fnctorings 


fo(v,w,x,y,2) = 2 

Fiv,w,t,yz) = vy! + vy 
f2(v,w,2,Y,2) a uxr'y + x(v nu y’) 
fa(v,w,2,y,2) = vw + way 


These diode gates are shown in Fig. 6.11 and require 22 diodes. 

Example 6.3 Design the diode gate structure to generate an even- 
parity bit for a four-bit binary number. 

Since the circuit is to generate even parity, an output should be pro- 
duced for every input combination which contains an odd number of 
ones, These conditions are shown in the map in Fig. 6.12a. This can 
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best be factored by dividing the map into two maps. Half of the ones 
are covered on one map, and so are don’t-care 
conditions on the other, and vice versa. The 
final answer is then the sum of the two separa 
factorings and is 


i F(w,x,yye) = (w + 2')(w! + aly + 2)(y' + 2) | 
y’ +(w + x)(w! + x'\y + 2) +2) 
Vv ' The gate structure for this function is shown im 
y Fig. 6.13 and uses 26 diodes. 
Diode gate circuits are simple to design and a 

v 
y’ 

x 

w 

x’ 

Y 


z20—————f, 


1 
be built in this way, but they are generally limite 
to two-level logic. Unless substantial saving 
can be made by using three-level logic, it is usw 
fa ally not desirable to do so. The reason is th 
the circuit design problems become more con 
plicated as the number of logic levels are increas 
beyond two. 
Large gating structures are often called m 
rices, but they are really large and-or gates y 
f, the type we have already discussed. A ma 
* for the function of Example 6.3 is shown in 
6.14. The connections between lines indica 
diodes, and the final or gate indicates that 
TGF matrix is an or-and-or structure. This uses % 
diodes as before and is merely a standardized way of drawing large gal 
structures. 


very useful. Complicated gating structures ca 
w 


<xé< 


6.3 Transistor Logic 


The transistor can be used for logical networks in much the same ¥ 
as diodes. The major difference is that the diode is a passive elem 
YZ ¥:2 b 4 
oo o1 Wt 10 oo O1 Wl 10 oo Ol 11 


w,X a 


— 
oo |Lo_|ix}]_o | 1x 





(b) 
Fia, 6.12 
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and cannot perform the inversion operation but the transistor is an active 
device and can. 

The standard ways for drawing transistors are shown in Fig. 6.15. 
These two transistor types npn and pnp are similar except that they work 
with different voltage polarities. For logical purposes they can be treated 
in much the same way as relay contacts. When an enabling signal ‘is on 
the base, current can pass between emitter and collector, and when the 
signal is removed, the current is blocked. 

There are, however, basic logical differ- 
ences between the transistor and a relay. ,, 
‘These can best be seen in terms of the basic 
logical transistor configurations shown in W’ 
Vig. 6.16. The emitter follower performs 
the true or function. The x and y inputs 
are connected to the transistor bases, and Y 
the output is taken from the emitters. 
Many inverter configurations can be used, 
and the two most basic ones are shown in Y' 
I'ig. 6.166 and c. The first is called an 
inverter and gate because it performs the 
logical and function and negates the result. F(w,x,y,2) 
The inverter or gate performs the logical or 
function and also inverts the result. In the 
inverters, the input signals x and y areagain ™ 
connected to the transistor bases but the 
outputs are taken from the collectors. The 
resistor performs no logical function, but it 
must be shown to differentiate between the 

emitter follower and inverter configurations. 

The emitter follower circuit is much like 
/ vacuum-tube cathode follower in that it z 
has a voltage gain of less than one but pro- 
vides a substantial current gain. As a 
result, it is not advisable to drive one emitter follower from another, but 
imuny inverter loads can usually be driven. The number of loads which 
tun be handled by an emitter follower must be determined from the 
purticular circuits being used. In order to indicate the design techniques, 
four inverters will be considered as the maximum load for an emitter 
follower. In addition, careful circuit design may often allow cascading 
of two or more emitter followers, but this is not assumed to be possible in 
the following examples and problems. 

The number of emitter followers which can be tied in parallel as in 
Wig. 6.16a is very large, so we shall not consider that there is any limita- 


Fic. 6.13 


tion on this, 
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f(w,x,y,2) 





Fia. 6.14 


Collector Collector 
Base a Base 
Emitter Emitter 
) () 


Fic. 6.15 a. pnp transistor. 6. npn transistor. 





(c) 
Fia. 6.16 a. Emitter follower. b. Inverter and gate. c¢. Inverter or gate, 
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The inverter and gate and inverter or gate are the two simplest con- 
figurations of the basic inverter gate structure. These gates can generally 
drive only a very limited number of loads and are usually restricted to 
relatively small size. Again, the determination of these design param- 
eters is a problem for the circuit engineers. We shall use a limit of two 
bases, either emitter follower or inverter, as the maximum inverter load. 
The maximum size for the inverter gating structure may vary con- 
siderably with the type of transistor being used, the desired circuit speed, 
and many other factors, but we shall consider the generalized gate in 
Fig. 6.17 as the most complicated 
allowable case. Any of the connec- 
tions or transistors on this gate can be 
left out, but no new ones can be added. 

Another problem which generally 
arises in designing transistor logical 
circuits is one of delay. The inverters 
and emitter followers both cause some 
delay. Often the time required to 
generate a logical function is so impor- 
tant that the number of transistors re- 
quired is secondary. For the purposes 
of this work, the delay caused by an Fic. 6.17 
emitter follower will be considered as 
one unit 7 and the delay from an inverter will be assumed to be two units, 
or 2r. 

The last important loading restriction is that of the basic flip-flops. 
Although the basic flip-flop output circuit can generally be designed to 
handle a rather large number of loads, eight bases, either inverters or 
omitter followers, is a reasonable limit. Each flip-flop output can then 
be loaded by eight bases. 

There are other types of logical configurations which can be used, but 
the emitter follower and inverter gates are the most useful. These other 
lypes are both interesting and useful, but these two basic types are the 
inost important and illustrate the general design techniques. 

Example 6.4 Design the transistor gate structures for converting from 
hinary-coded decimal to excess-three code. 

This is the same problem as Example 6.1. The functions to be imple- 
mented are 





fo(w,x,y,2) = 2 

filw,2,y,2) = yz! + YZ 
fo(w,x,Yy,2) = x'(y + 2) + ay’2' 
fa(w,x,y,2) =Swtayt 2) 
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The basic inverter circuits for these functions are shown in Fig. 6.1 
Since inverter circuits are used, the negative of each of the functions 
implemented in order to produce the desired function as output. 


2————_——_ > fy 





Fria. 6.18 


The diode gate structure for this problem required 21 diodes, whe 
the transistor implementation uses only 14. This saving is substan i 
but even larger savings are possible with more complicated functio 
In addition, transistor logic offers some savings in other types of circui 
Since they provide gain, the vari 
amplifiers required in diode circuits 
not needed. As a result, even tho 
transistors are generally more expensi 
than diodes, the savings in numbers 
parts are often enough to make t 
use economical. 

Example 6.5 Design the tran 
gate structure to generate an ev 

Fig. 6.19 parity bit for a four-bit binary num 

This is the same problem as Example 6.3, which required implemen 

tion of the function 


styye) = (w + 2')(w’ + x)(y + 2)(y’ + 2’) 
ee +(w + 2)(w' + 2’)(y + 2)’ + 


This entire function can be generated in one inverter, so the negati 
should be implemented. That is, 





f'(w,arsyy2) = (w'a + roa! + gy’! + y2)(w'a! + we + y's + ye’) 


and the gate is shown in Fig. 6.19. The diode gate for this fune 
requires 26 diodes, while this circuit uses only 16 transistors. 
circuit can be reduced to 12 transistors if an iterative circuit of the 
described in Chap. 9 is used. 
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Example 6.6 Design the transistor gate structures required for 
energizing one of 16 output lines for each combination of a four-bit 
binary number. 

This circuit is called a decoder and is similar to the ones used in large 
computers for initiating the desired operations under control of stored 
binary numbers. 

The most straightforward way to build this decoder is to use 16 inverter 
or gates, one for each output. One of these is shown in Fig. 6.20 and 
uses four transistors. The total number of transistors required is, then, 


Mo 


Fia. 6.20 


64, and the time required for the decoding operation is the delay of one 
inverter, or 27. Also, each flip-flop is loaded by exactly 16 bases, eight 
for the one output and eight for the zero, so that this is within the design 
limits which we have set. 

The number of transistors can be reduced at the expense of delay by 
generating the functions in several steps. If the following functions are 
generated: 


go = ws’ ho = y'2 
gi = w'2 hi = y’z 
g2 = we' he = yz! 
Js = Wx hs = yz 


the 16 combinations of these then produce the final functions. This 
arrangement is shown in Fig. 6.21 and uses 56 transistors. This saving 
of eight transistors is traded for an increase in total delay to 57: the delay 
2r for the intermediate function inverters, 7 for each of their emitter 
followers, and 27 for the final inverter. 

The number of transistors can be further reduced by using the modified 
inverter circuits shown in Fig. 6.22. This type of inverter cannot be used 
except under very special circumstances, because it is not generally 
possible for one transistor to supply the current required for both of the 
outputs at the same time. As a result, this circuit is used only when the 
top two transistors cannot be energized at the same time. The total 
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. 9 . 95 
bs — 
hy 
y 
z' 








fo f; Fis fis 
hy oP hy 9 --~ hy hy 95 


Fia. 6.21 


(a) 





(b) 
Fig. 6.22 


number of transistors required is 52, or a saving of 12 over the original 
circuit. The delay is still 5r. The extra emitter followers are necessary 
because each of the intermediate functions must drive four bases. 

The intermediate functions can, however, be generated directly by 
emitter followers with a saving in both delay time and transistors, If 
the circuits shown in Fig. 6.23 are used, the total number of transistors 
is 48 and the delay is 3r. 
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w x w x’ w x w’ x 
9 9; 9) ro 
(a) 
y z y z y' z y’ z' 
ho hi hy hi 
(b) 
Fia. 6.23 
6.4 Summary 


Boolean algebra can be used directly to synthesize computer circuits 
with diodes or transistors as logical elements. The basic design tech- 
niques with these elements are slightly different from those used with relay 
contacts because they are unilateral elements and so are not used in 
bridge circuits. 

The diode is a passive device; therefore, it cannot perform the inversion 
operation. Diode and gates and or gates can be constructed and cascaded 
in two levels. In this way, Boolean expressions can be synthesized in 
either sums of product terms or products of sums. Three- and four-level 
logic can also be used, but the circuit design problems become more 
difficult. 

The transistor is a useful component for generating Boolean functions. 
It has the advantage of being an active element and can produce the 
inversion of a function. Various arrangements can be used to generate 
the and and or operations. The emitter follower circuit can be used as an 
or gate, and the inverter configuration can be used as an or or an and gate. 
The inverter circuit, however, also produces an inversion. Asa result, if 
the function zy is to be produced, the inverter should be constructed as 
x’ + y’, so that the inversion gives the desired result. 

With transistor logic, loading and circuit delay are more important 
than with diode logic. The maximum allowable load and the circuit 
delay which are used for the examples and problems throughout this book 
are shown in Table 6.3. Although these values are realistic, the specific 
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limits for any actual computer design can be determined only by circuit 
experimentation. 

The maximum size for a transistor gating structure is also important. 
The number of emitter followers which can be tied together to form an 
or gate is quite large, so no limit has been assumed. It is, however, not 
generally possible to drive one emitter follower from another, so this 
has been assumed to be impossible. 


TasLe 6.3 LoapIne AND Detay ror Transistor Logic 








Maximum number of 


base loads per output Delay 





8 
sng didsewsls eine ue 2 
4 


The maximum size for an inverter gate must also be determined by 
experiment, but the limit assumed for this book is a four-by-four inverter. 
That is, no inverter can be more than four transistors high or four 


transistors wide. 

The design of transistor logic is complicated somewhat by the fact 
that the inverters negate the function being generated. The fact that 
transistor logic is more efficient than diode logic often makes the addi- 
tional design effort worthwhile. 


PROBLEMS 


6.1 Draw the diode gate structure in both schematic and logical form for the 
function f = w +2’ +y +2’. . 

6.2 Draw the diode gate structure in both schematic and logical form for the 
function f = w’x'yz’. 

6.3 Draw the diode gate structure in logical form for the function f = waz’ + 
w'y’z, and give the number of diodes required. 

6.4 Draw the diode gate structure in logical form for the function f = (w’ + 
xz +2’)(w + y’ +2), and give the number of diodes required. 

6.5 Draw the best or-and and and-or diode gate structures for the function f = 
x0, 4, 6, 10, 15 with the don’t-care conditions d = ~1, 2, 7, 8, 14. 

6.6 Design the diode logic required to detect the occurrence of any impossible bit 
combinations in the BCD code. 

6.7 Design the diode logic to produce the four-bit number which results fro’ 
adding the number seven to a four-bit decimal number. All numbers are in exces#t 
three code, and gate structures should be given for each of the four bits as well as the 
output carry. Assume no input carry. 

6.8 Design the diode logic to produce the four-bit number which results from 
tracting the number five from a four-bit decimal number. All numbers are in ex 
three code, and gate structures should be given for each of the four bits as well as 
borrow from the next stage. Assume no borrow from the previous stage. 











CIRCUIT LOGIC 133 


6.9 Design the diode logic required to convert from the two-out-of-five code to the 
BCD code. 

6.10 Design the diode logic to produce the four-bit number which results from 
adding the number six to a four-bit decimal number, with a possible carry from the 
preceding digit addition. All numbers are in excess-three code, and gate structures 
should be given for each of the four bits. 

6.11 Draw in both schematic and logical form the npn transistor inverter gate for 
the function f = way’. 

6.12 Draw in both schematic and logical form the pnp transistor inverter gate 
structure for the function f = w’ +2 + y. 

6.13 Draw in logical form the minimum transistor gate structure required for the 
function f = waz + w2'y. 

6.14 Draw in logical form the minimum transistor gate structure required for the 
function f = x2’ + wa'z +2 + w'x'y. 

6.15 Draw in logical form the minimum transistor gate structure required for the 
function f = ay(z + w’) + 2’y'(z’ + w) + zy’zw. 

6.16 Using as few transistors as possible, design the logic required to detect the 
speci of any impossible bit combinations in the excess-three code. 

: Using as few transistors as possible, desi i i 
gn the logic required t 
BCD to two-out-of-five code. ° . enor 

6.18 Using as few transistors as possible, design the logic required to produce the 
four-bit number which results from adding the number seven to a four-bit decimal 
number. All numbers are in BCD code, and logic should be given for each of the four 
bits as well as the output carry. Assume no input carry. 

6.19 Using as few transistors as possible, design the logic to convert from two-out- 
of-five to excess-three code. 

6.20 ; Using as few transistors as possible, design the logic to correct the result of 
a = addition in the excess-three code, based on whether a carry was produced 
or not. 





CHAPTER 7 


BOOLEAN MATRICES 


Boolean functions can be converted directly to series-parallel circuits. 
Several examples of this process were given in the last chapter for diode 
and transistor circuits. In Chap. 3 on relay contact networks, the bilat- 
eral nature of relay contacts was used to form bridge circuits. Boolean 
functions, however, cannot be converted directly to bridge circuits, so 
that a different mathematical form is required. The Boolean matrix is 
this form. 

Boolean algebra can be used to obtain functions which can then be 
converted to circuit designs. The function, however, does not represent 
the circuit configuration but is a statement of the conditions under which 
the circuit is closed. In order to represent bridge circuits, more informa- 
tion is required than is available from a standard Boolean expression. 
Since a bridge circuit for a given function is a specific physical con- 
figuration, the information which is required must be related to the 
physical circuit form. The Boolean matrix is a way of representing both 
the circuit function and its physical arrangement. It is particularly 
useful in designing networks composed of bilateral elements, such as relay 
contacts, magnetic cores, or symmetrical transistors. It is, however, 
no different from the other switching-circuit design techniques: It is an 
aid to the designer and does not replace skill and experience. 


7.1. Connection Matrices 


A tabular list of the connections in the circuit of Fig. 7.1 would look 
like the following: 


1 2 3 4 
1/1 x y 0 
2\|2 1 2 v 
38iy 2 1 w 
4|0 v w 1 


In this chart, the various connection points, or nodes, in the circuit 
numbered and written both down the side and across the top. Since each 
134 
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node is written both on the side and at the top of the chart, a one is 
written in the chart where the connection of a node to itself is shown. 
The terms in row four, for instance, 
are the following: 


4-1: 0-node four has no direct con- 
nection to node one. 

4-2: v-node four is connected di- 
rectly to node two through »v. 

4-3: w-node four is connected di- 
rectly to node three through w. 

4-4: 1l-node four is always con- 
nected to node four. 





Fia. 7.1 


If node one is considered as the input terminal and node four as the 
output terminal, the algebraic expression for this network can be obtained 
by examining the network in Fig. 7.1: 


fia = cv + czew + yw + yev 


This expression can also be derived from the chart. Since there is no 
direct connection from one to four, every connection path will pass 
through at least one of the other two nodes. Examining the paths 
through node two first, there is a path from one to two by going through 
x and from two to four through v, giving wv. Again, using « from one 
to two, there is a path from two to three through z and from three to four 
through w giving 
xrew 


Likewise there is a path from one to three to four through 
yw 

and from one to three to two to four through 
ye 


Since all these paths are in parallel, their sum is the functional expression 

for the path from one to four, and this is the same expression which was 

obtained from the circuit directly. This chart form, therefore, exactly 

represents the circuit function and also the way in which it is constructed. 
The same chart can be drawn in the form of a matrix, as follows: 


0 


eres 
gree 


v 
w 
1 


oe 8 = 
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and this is called a primitive connection matrix (10, 22). It is exactly 
the same as the chart which was just described and is called a matrix 
because it looks like the type of matrices used in some branches of 
mathematics. The reason it is called a connection matrix is that it 
represents the node connections. It is called primitive because it 
represents the most primitive form of wiring chart for the circuit; that is, 
A there is at most only one contact 
between any two nodes. A con- 
nection matrix might look like the 
following: 





le ye w 
x 1 y O 
ye yo 1 ov 
wO ov il 


This is not a primitive connection 
matrix because of the yz term be- 

Fig. 7.2 tween nodes 1 and 3. To rewrite 
this as a primitive matrix, a fifth node would have to be inserted between 
nodes one and three, giving 


~ 


rneogkr 
oonres 
e Cre © 
Ooms os 
eK OF OR 


This circuit is shown in Fig. 7.2. 


7.2 Output Matrices 


A very simple circuit composed of just the contact 2 between the input 
and output terminals, or terminal nodes, would have the following primi- 
tive connection matrix: 

bal 
zl 


This also gives the output function for the circuit because the 1-2 term 
is the connection function between nodes one and two, the input and out- 
put, respectively. In this case this matrix is both a primitive connection 
matrix and an output matrix. In the more general case of a two-terminal 
network, the output matrix will look like 


Lin 1] 
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where fiz and f2: are the output functions of the network representing the 


conditions under which terminal node one is connected to two and two is 
connected to one. For symmetrical components like relay contacts, 
fiz = fe. A more general network like the one in Fig. 7.2 has four 
terminal, or output, nodes and the following output matrix: 


1 fie fis fia 

for 1 fos fea 

far foo 1 fea 
a1 Jao fas 1 


The connection matrix for this circuit is 


la ye w 
x ly 0 
ye y’ 1 ovo 
w Ov tl 


and each of the output functions can be obtained by tracing the possible 
paths through the circuit one at a time. 

Another way to obtain the output functions is quite similar to the way 
used to evaluate minors in a determinant. In order to find fy, column 
one and row two are crossed off; then the terms are multiplied together 
three at a time on the diagonals. 


x ye w 
fe=fa=|y 1 » 
0 v 1 
=a-l-l+y-v-wtO-v-yet+urv vt yz-y-1l+w'1:0 
=ax2-+y'ow 


Similarly, for f1s, column one and row three are crossed off: 


x ye ow 
fis=fa=]1 y' 0 

0 v it 

= zy’ + ow + yz 
Wor fea, 

1 yz w 
fu=fo=|rc y O 

yz 1 v 


= y'v + wx + xyzv 

= y'v + we + xe 
The remaining three terms can be obtained in the same way. Sub- 
stituting these expressions into the above matrix would then give the 


output matrix for this circuit, 
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As a check, the circuit in Fig. 7.2 can be examined to see if fo, actually 
gives the conditions under which terminal nodes two and four are con- 
nected. 

From node two there is no direct path to four, so we must pass through 
terminals one or three to get there. These paths are 


zw + cyzv + y'v + y’wey = cw + vev + y'v 


which equals fos. 
The output matrix is then merely a tabular listing of the algebraic 
conditions under which there is continuity among the various terminal 
nodes in the circuit. For instance, fe is the algebraic expression for th 
connection paths between terminals two and four. As a result, it is 
obvious that fos = faz, for relay contacts, since terminal four is connected 
to terminal two under the same 


- conditions with which terminal tw: 
is connected to four. 
- The reason that this method can 
by w23 be used for evaluating the output 
terms is not obvious. Actually, 
Jig the multiplication process describ 

1 pos 3 above amounts merely to tracin 

Fic. 7.3 the paths through the circuit in 


an orderly way. For example, the 
circuit in Fig. 7.3 has the following primitive connection matrix: 


1 Gye Giz Qu 
a 1 G23 Ge 
G31 @32 1 34 
Ga, 42 O43 1 


where @i2 = Q21, @13 = Q31, etc. The paths through this circuit fro 


node one to two are 
fiz = GAie + G13032 + A13Qg4Q42 + A14Qae + Ar 4Q43As2 
evaluating fiz as a determinant gives 


Qi2 Gig 14 
fiz =| a3. 1 a34 
Ging Qazi 
= Gyo + G1gg442 + G14043032 + G13032 + ArsQae 


and this represents all the possible paths from node one to two. W. 
we are doing when we take a minor in this way is to take a particular 
of products in an organized way. For instance, by crossing off the 
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and column through the 2-1 term, the 1-2 term is left in the minor in 
such a way that it is multiplied by one. The 1-3 term is multiplied by 
3-2 afid also by 3-4 and 4-2. Each set of products then starts with a 
term which has a first subscript of one and ends with a term which has a 
second subscript of two. Since each subscript refers to a node, this set 
of products represents the paths from node one to node two both directly 
and through nodes three and four. 

The subscripts refer to the nodes; that is, a12 is between nodes one and 
two. Since the products come out this way, the operation of taking the 
minor is then exactly the same as tracing the circuit paths node by node. 

In evaluating the 7j7 output function for larger matrices, the matrix 
which results from crossing off the 7 column and j row must first be reduced 
to a three-by-three matrix before it can be multiplied out as a deter- 
minant. The way in which it is reduced is similar to the process of taking 
minors in determinants. 

One four-by-four matrix can then be reduced to four three-by-three 
matrices. Any row or column is selected as a start, although one con- 
taining the most zeros is preferable because the number of resulting 
matrices is thereby reduced. The next step is shown in the following 
evaluation of fie: 


~ 


1 «Oy y 
x 1 2 woop 
0 2 1 2 0 
y we’ 1 0 
y v 0 0 1 
zx Oy y 
fe=|z2’ 1 2 O 
we 1 0 
v 0 0 1 


In order to evaluate the f12 matrix as a determinant, it must first be 
reduced to a three-by-three matrix. Selecting column four as the column 
to evaluate by minors is desirable, since it contains two zeros. Row 
four or column two would be equally desirable for the same reason. 
The first term in column four is y’, and this is multiplied by the matrix 
which remains when its row and column are crossed off. This is done for 
each term, giving 


~ 


2 1 2 x0 y 
fe=y|w 2’ 1LJ+0lw 2 1 
v 0 0 v 0 0 

Bade ¢ x0 y 

+0O}2’ 1 wiyt+i1i2 1 2’ 

v 0 0 6) vi 
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which reduces to 
fo =yotatalye toy =etye’ t+) tye M 


If we had selected row four, the following would have been obtained: 


0 y y x 0 y 
fu=vll ov O}F1]2 1 @ 
z 1 O we 1 


= v(y’ + 2’y’) +a + 2’y2' + yw 
= vy’ +a2t+ ye + v) 
which is the same as before. 

This process of breaking a matrix down into minors can be contin 
many times in a large matrix and can be very useful in evaluating out; 
functions. 

So far, three types of Boolean matrices have been discussed: 

1. The primitive connection matrix, which represents the circuit 
struction in its most elementary form. That is, only one swite 
element at most can connect any two nodes. 

2. The connection matrix, which is still a representation of the 
the circuit is constructed but may have more than one switching elem 
between any two nodes. 

3. The output matrix, which gives the algebraic conditions un 
which the various terminal nodes are connected but does not describe 
way the circuit is constructed. 


7.3 Node Elimination 


The next step in investigating Boolean matrices is to examine some 
the operations that can be performed on them and what their ph 
significance is. Since we are most interested in Boolean matrices bec 
they provide a way of describing circuits both algebraically and physi 
we shall be working with connection matrices. 

In a connection matrix, the connections of the jth node to the 
nodes are represented in the jth row and jth column. In addition, 
connection between nodes 7 and j is shown at the intersection of row 4 
column j and at the intersection of row j and column z of the matrix. 

If a particular node, say node j, is not a terminal or external node, 
jth row and column can be eliminated from the connection matrix as | 
as none of the conditions under which the terminal nodes are conn 
to each other are changed. This latter condition can certainly be 
filled if the connection conditions between all the remaining nodes 
undisturbed, since those include all the terminal nodes. 
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Suppose node j is connected to node one by ay and to node 2 by a; 
then there is a path from one to two through 1 : 
@ij0;2. If a term ay directly connected 
nodes one and two, the jth node could 
be eliminated, as far as nodes one and 
two are concerned, if ai2 were replaced 
by diz + aaj2. This is shown in Fig. 7.4, 
where nodes one and two are terminal 
nodes and j is a nonterminal node. This is 


bea 


also true with all the remaining nodes in the 7 
circuit. For example, in the following con- 2 
nection matrix, Fic. 7.4 
1 Qi2 Gis Ag 
f= ay 1 23 Ao 
a31 a3. 1 a34 
G4, G42 Qa; 1 


If node four were not a terminal node, it could be eliminated by adding 
the new terms shown in the following matrix: 


1 Q12 + Ay4Q4e 
G21 + GosQa1 1 
G31 + 34041 


G13 + A403 
Q2g + Arata; 
Q32 + Az4Q42 1 


f= 


An easy way to see what the new terms should be is to notice that in row 
two, column three, we have added to az3 the product of the fourth node 


1 j}2+914042 O13 +914043 A14 
O21 +024041 1 23+024043 O24 
31 +43404) 32 + 434042 1 34 
O41 O42 G43 1 
Fig. 7.5 


form in row two and the fourth node term in column three. 
way to locate these terms is shown in Fig. 7.5. 
Example 7.1 Given the following connection matrix with one and 


A simple 


(wo as terminal nodes, eliminate nodes three and four: 
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12 y O 
xzi1lzuw 

ies yz 1» 
Ow vi il 


Eliminating node four first gives 


1 x y 
f=|z 1 z+ vw 
y 2e+ovw 1 


Eliminating node three next yields 


s=| 1 pre) 
~ la + y(z + ow) 1 


This is actually the output matrix of the circuit as can be verified by 
evaluating the 1-2 minor of the original matrix: 


xz y O 
z 1 vp 
wo itl 


xt wyv + yz 


fis 


If we had started by eliminating node three and then node four, the sa 
answer would be obtained. This would be done as follows: 


1 at yz yv 
f=|xr+ 12 1 w+ zw 
yo w+ 2 1 
and eliminating node four, 


s=[ 1 avaeee 
~ la + ye + yow 1 


which is the same as before. 
Example 7.2 In the following circuit, nodes one, two, and three a 
terminal nodes; eliminate nodes four and five. 


1x0 02 
zolvy #0 
f=|0 y 1 0 2 
07 0 hig 
2/0) # youl 
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Eliminating node five gives 
1 « wz yez 
_{a 1 2 
f g'2 y 1 z'y’ 
y'z 2! aly! 1 
Now removing node four, 
1 x xz 
f=|z 1 y + 2’2’ 
ve yta'z’ 1 


These three circuits are shown in Fig. 7.6. 





(c) 





The original circuit used 12 springs, the circuit in b 15, and the final 
cireuit inc only 10. What has been done in eliminating nodes four and 
five is to eliminate some unnecessary, or redundant, elements from the 
circuit. If the original circuit had not contained any redundant elements 
the final circuit would have been more rather than less complicated than 
the original. 

To show that this final circuit is actually electrically the same as the 
original one, fis, f1s, and f23 should be evaluated for both. For f1», 
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and from the final circuit 


ye x x'2 
. peed yt+2'2 1]: 
=xt+ay=xr+ ye 


which is the same as fiz from the original circuit. 

The node-elimination process need not be conducted one node at a tim: 
several nodes can be removed simultaneously. The way this is done 
to determine the connections between the remaining nodes which p 
through any of the nodes being eliminated. The connection functi 





between any of the remaining nodes is evaluated just as if it were 
output function; only the terminal nodes which are not involved 
crossed off. For instarice, the circuit in Fig. 7.7 has the following p 
tive connection matrix: 


1 xz O 2 y O 
x 1l1ow 0 y 
_|0 0 1 @ 2 z’ 
f= z w’ xz 1 0 O 
y O 2 O 1 w 
oy 2 0 wt 


If nodes four, five, and six are eliminated, a three-by-three matrix 
be left. This means that the new a2, ais, and az3 must be found. 

To find the new ai:, fi: is evaluated, except that column three and 
three are also crossed out. This yields the following matrix: 
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es 2 y 0 
ie w 10 0 
0 01 w 
y Owl 


z y O 2 6 
wi0 1 wit+i1j0 1 w 
0 wil y wil 


w'(2’ + 2’w) + 1a 4+ aw) = w’2’ + 2 


For the new a3, column two and row two are crossed off as well as column 
one and row three: 


a3 = 


0 

0 

w 

1 
0 zx 1 0 
wity|lz Ow 
1 2 01 
= 2!(x’ + x'w) + y(wa! + 2) = 2'2' + y(w + 2) 


ll 

x 

x 
sro 


0 w 0 y' 

z 1 0 0 

iene i oe ae We 

2 0 wil 
wo y’ 0 0 y’ 
=2/10 1 wi+llze 1 w 
0 wil 2 wil 


aw! + y'(w + 2’) 


As a result, the new matrix with nodes four, five, and six eliminated is 


1 we’ +2 a’2’ + y(w + 2) 
f= w'e! + x 1 a’w!' + y'(w + 2’) 
xv'e’ + y(wte) a’w’ + y'(wt 2’) 1 


This is still a connection matrix, since these are not the output functions. 
The only terms which were introduced were those due to the elimination 
of nonterminal nodes. For instance, the f12 output function contains 
the term yw’ which is not shown here because it is obtained by passing 
through node three. 
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Although this method of eliminating nodes is interesting, it is usually 
somewhat easier to remove nodes one at a time. 


7.4. Node Insertion 


The process of node elimination can be useful in many ways, but its 
primary use is in the analysis of circuits. In designing a new circuit, the 
conditions under which the various circuit terminals are to be connected 
are the usual starting point. These conditions can then be used directly 
to construct the output matrix, and nonterminal nodes are inserted until 
a reasonably simple connection matrix is obtained. 

The way in which nodes are inserted is just the reverse of the way in 
which they are removed. For instance, in the following connection 
matrix, 

1 c+ yz wu 
f=|xt+y 1 w 
U w 1 


a new node could be inserted which would provide the yz path from node | 


one to two. This new matrix would then be 


1 au y 
x 1 wz 
I ap ap 2. 30 
y z« 0 1 


By again removing node four, the original matrix is obtained. 
In this case it is easy to see that a node can be inserted to take care of 
the yz term. Actually, several terms can be simultaneously simplified by 
inserting a new node. The following circuit shows one way in which t 
can be done: 
1 xt ye yz 
f=\rt+yz 1 w 
ye’ w 1 


The y can be factored out of both of the terms in the first row, yielding & 
z in one case and z’ in the other. 


120 y 
x 1 we 
f= Owl 2 
y 2? | 


If node four is then eliminated, the new 2-3 term is w + zz’, which redu 
tow. If the circuit had been slightly different, both of these terms co 
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not be eliminated by the insertion of one node: 
1 r+ yz yu 


f=|xcxt+ye 1 w 
yu w 1 


Using the procedure just described, the insertion of a fourth node would 
give 


es 
ll 

e£ os ef 

neree 

ere o 

eere 


If node four is now removed, 


1 xt yz yu 
f=|ct+ ye 1 w+ uz 
yu w+ uz 1 


and this is not the same as the original circuit. The 2-3 term has been 
changed because u and z in node four provide a path from nodes two to 
three that was not in the original circuit. This node insertion is there- 
fore not valid. 

In inserting nodes, all the resulting cross products must be examined 
to make sure that the original circuit conditions are not changed. In 
factoring the two terms a;; and ay, simultaneously, the aj, term must be 
examined to see whether or not it would be changed if the inserted node 
were removed. If so, the factoring is not permissible, because it will 
change the circuit. In one of the cases just described, the two terms 
were yz and yz’. Factoring a y out of these gave a z in one case and a z’ 
in the other. Since these will yield a zero cross product, this factoring 
can be performed without difficulty. 

Example 7.3 Insert nodes in the following matrix to obtain a primitive 
connection matrix: 


1 xtyz yw 
f=|xc+ye 1 w 
yw w 1 


In order to save rewriting the circuit every time a new node is inserted, 
the new terms can be added on to the original matrix, indicating the 
terms which have been factored out. 


1 xz+(yz) (yw) y 


jm x + (yz) 1 w 2 
(yw) w 1 w 
y Z w 1 
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It may seem at first that the z and w which were obtained by this factori 
would add an unwanted term to az3. Removing node four, however, gives 


I r+ ye yw 
f=|zr+y 1 w+ we 
yw w+ we 1 


and w + wz = wu, so that the circuit conditions have not been changed. 
Example 7.4 Insert nodes in the following to obtain a primitive con- 
nection matrix: 
1 xt yz’u yeu 
xt yz'u 1 w 
yZzu w 1 


f= 


Two nodes can be inserted in this matrix by first factoring the y from ro 
one and column one and then factoring the u from row four and colum 


four. 


1 a+(yz'u) (yeu) y O 

a +(yz’u) 1 w (zu) 2’ 

f= (yzu) w 1 (zu) 2 
y (2’u) (zu) 1 wu 

0 2 Z u il 


The final primitive connection matrix is 


120 y 0 
zg 1l1w0O0 2 
f=|0 w 1 02 
y 00 14 
O02 z«uiti 


7.5 Redundant Elements 


The criterion generally used to decide which of several circuits is b 
for an application is to see which uses the least equipment. In re 
circuits this involves counting the number of springs, which can be do 
by counting the number of occurrences of variables in the circuit co 
nection matrix. This gives the number of springs directly, since e 
term occurs twice in the matrix, or two springs per variable. If transf 
combinations are possible, one spring must be subtracted from this t 
for each transfer contact. The occurrence of transfer contacts can 
easily seen, since the same variable will appear both primed and unpri 
in one of the rows and columns. 

The final matrix from Example 7.4 contains 12 occurrences of varia 
and thus 12 springs. Both z and 2’, however, appear in row five 
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column five, which means that node five is attached to node two when z is 
released and to node three when z is operated. This can be accomplished 
by using a transfer contact with the wiper (or moving spring) attached 
to node five as shown in Fig. 7.8. 
The total number of springs used is 1 
12 less the one transfer, or a total 
of 11 springs. 3 

Except for transfer contacts, the 
number of springs required is equal 
to the number of occurrences of 
variables in the matrix. This now 
provides a direct way of recognizing the complexity of a circuit from its 
connection matrix, as well as recognizing when a change in this matrix 
results in an improvement in the circuit. 

One way to simplify a circuit is to examine it for redundant, or unnec- 
essary, terms. For instance, the following matrix has several such terms: 


x 


Fic. 7.8 


1 & yz zrty u 
1 1 U L w’ 
f=| yw uw 1 Zz yuz + Uwe’ 
ety « z 1 uU 
u w yuz + wwe’ u 1 


First of all, the 1-2 term is z, as is the 2-4 term, and the 1-4 term is 
x+y. Nodes one, two, and four are therefore all connected when zx is 
operated. To connect three nodes 


x 2 x 2 
together in this way requires only 
} x 1 x two contacts and not three, so that 
i f, one of these x contacts is redundant 
and can be eliminated. The con- 
(a) oe (b) nections between nodes one, two, 


and four are shown in Fig. 7.9, and 
it is clear that elimination of any one of these x contacts does not change 
the connection conditions between these or any other nodes. Eliminating 
one of these leaves the following matrix: 


1 « yz y u 

x 1 U x w’ 
f=|lyze u 1 2 yuze + uwe’ 

yY « F4 1 u 

uw yuz+ uwe’ u 1 


One way in which terms like these can be recognized easily is illus- 
trated in Fig. 7.10. A rectangular arrangement of four terms with one 
of them a one on the matrix diagonal is first visualized. If the product of 
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any three of these terms equals or includes the fourth, this fourth term is 
redundant and can be eliminated without changing the circuit. In 
addition, if any of these terms at the corners of the rectangle consist of 
the sum of several terms, they can be examined separately. The reason 


1 x yz xty u 
x 1 U x w' 
yz u 1 z yuz-+uwz' 
x+y x Zz 1 u 
u iw yuz-+uwz’ u 1 
Fia. 7.10 
1 yz Y u 
x \ u x w' 
yz v 1 z yuz+uwz' 
y x z } 5 
u w’ yuz+uwz' u 1 
Fra. 7.11 


for this is that each term in a sum represents a parallel path between two 
nodes and one of these parallel paths may be redundant while the other 
isnot. Asa result, the x in the 1-4 term can be eliminated, leaving only 
the y. The in any of the three corners of the rectangle could have been 
eliminated, but in this case it makes no difference which one is selected. 

After a term has been simplified in thi 
way, the symmetrical term must also be 
simplified in the identical manner. For 
instance, y is substituted for z + y in the 1-4 
term, so the same substitution must be made 
in the 4-1 term. 

The 1-3 term yz is next examined to 
if it can be eliminated. Drawing the re 
tangle shown in Fig. 7.11 shows that t 
entire 1-3 term is redundant and can 
replaced by zero. The connections betwee 
nodes one, three, and four are shown in Fig. 
7.12. From this it is clear that the yz term between nodes one and th 
The resulting matrix is now 





Fia. 7.12 


is redundant. 


1 2 0 y u 
zi u x w’ 
f=|0 u 1 2 yue + wwe’ 
y « 2 1 uU 
uw yue+ uve! 4 1 
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A rectangle may be drawn for the 3-5 term as shown in Fig. 7.13, with the 
product of three of the corners yielding uz. This means that these terms 
furnish the connection path 


uz + yue + uwz’ 


between nodes three and five as shown in Fig. 7.14. This expression 
reduces to uz + uw, with the uz path being furnished through node four 
The 3-5 term can therefore be simplified to uw. 





1 x 0 y u 
x 1 u x w’ 
10) u 1 z yuz+uwz’ 
y x z ] u 
u w’ yuz+uwz' u 1 
Fia. 7.13 
4 4 
z 
u 3 u 
U 
w 
5 (b) 5 
Fic. 7.14 


Another rectangle can be drawn linking nodes two, three, and five, and 
this yields the products uw’, which can be combined with the uw just 
obtained to give u as the final term. The final matrix is 


la Oyu 
x liuee«z w’ 
f=|0 u 12 u 
y x« z«tlu 
uw uuii 


This circuit requires only 18 springs, whereas the original one took 30 
using two transfers. 
a The last two simplifications of the 3-5 term illustrate a further point. 
hat is, the product of three of the terms in the corners of the rectangle 
ri a used to simplify the remaining term. For instance, the connection 
unction 


us -- yue + wwe! 
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reduces to 
uz + uw 


The uz term is the connection from node four to node five through node 
three. The term yuz + uwz’ is the direct connection between nodes 
four and five and can be simplified as soon as we know about the uz path 
through node three. 
This process of drawing rectangles is merely a simple way to recognize 
the parallel paths between nodes. If one of the ones on the main matrix 








1 x yz 
x 1 u 
yz v 1 
x+y x z 1 u 
u w yuz+uwz' v 1 
(a) 
1 u 5 1 v 5 
() 
U u 
Yy y w 
z’ z' 
O O 
4 z 3 4 z 3 
(b) (c) 
Fia. 7.15 


diagonal is in one of the corners of the rectangle, only three nodes 
involved. Actually, this identical process can be extended to the ¢ 
of four nodes. In this case none of the corners in the rectangle will 
diagonal ones, and the parallel path will be through two intermedia 
nodes. ,; 

Although redundant terms of this sort are possible, they are not 
likely as those which only involve one intermediate node. For examp 
there are only two such terms in the unreduced matrix just used. 
of these terms is shown in Fig. 7.15 together with the connection pa 


between the four nodes. 
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Although cases of redundancies which involve more than four nodes 
occur, four is the largest number which can be recognized by a simple 
geometrical configuration. These higher order cases can be handled by 
inserting a redundant node with one rectangle and then using it to simplify 
another. The intermediate term can then also be eliminated. 

The removal of redundant terms is relatively simple and can result in a 
significant simplification of the circuit. In some cases it might be 
desirable to add redundant elements, and this can be done in just the way 
that has been described. If, for instance, two of the terms in a matrix 
were identical, a third redundant node could be inserted and then used to 
eliminate one of the first two. The inserted node would then no longer 
be redundant, but the matrix would have been rearranged. This could 
be used to increase the number of terms which could be factored to form a 
new node during node insertion. 


7.6 Matrix Modification 


So far, redundant elements have been considered in only a general way, 
without consideration of the output conditions of the circuit. The 
rectangular technique works just as well if all the nodes are output 
terminals as it does if only two are. Another technique which works 
particularly well for two-terminal circuits has been devised by Seman (22). 
It involves the evaluation of the matrix output function to determine how 
a term in the matrix can be changed. 

Suppose in a matrix one of the terms is 6 and we wish to find out what 
this term could be changed to without affecting the circuit output condi- 
tions. The output function could be obtained by evaluating the matrix. 
It would, in general, contain 6 multiplied by other terms, as well as some 
terms not involving 6. That is, in general, the output function would be 
of the form 

f=ai+8 
where a stands for all the terms by which 6 is multiplied and 8 for the 
terms in which 6 does not occur. 

If some new term is substituted for 6, say A, a new output function 
would be obtained: 

f=oa+8 
und in order for the substitution to be valid, these two expressions for 
the output function must be equal. That is, 


ai +B =ar. +8 


If two expressions, say x and y, are equal, then xy’ = 0 and 2'y = 0. 
As a result, if 
ay’ +2’y =0 
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then x and y are equal. Conversely, if x and y are equal, this expression 


must be zero. 
Substituting «5 + 6 for x and ad + @ for y would then give the condi- 
tion under which d could be substituted for 6 in the original matrix with- 


out changing the output function. 
(a5 + B)(adr + 6)’ + (ad + B)'(ad + 8) = 0 
Taking the indicated negatives 
(a5 + B)(o! + d')B’ + (a’ + 8’)B’(ad + B) = 0 
and multiplying out gives 
an’ 5p’ + adé’B’ = 0 


If c + y = 0, then z and y must each be zero, so 


an’ 5p’ = 0 

and and’p’ = 0 
The consistency relation can next be used to give, for the first, 

adB’ <d 


and for the second, 
X < (a5’B’)’ 
so that asp’ <A <a’ +6+6 


Any value of \ within the limits specified by this inequality can then be 


substituted for 5 in the circuit without affecting the output conditio 

Two special cases of this inequality are worth mentioning. Firs 
when a = 0, 

0<A<1 

and any term can be substituted for 6, including either 0 or 1. This 
reasonable because if @ is zero, 5 does not enter into the expression for 
circuit output conditions. The second case is when 8B = 1. Here al 
anything including zero or one can be substituted for 6. This again 
reasonable, because if 8 is one, it means that the circuit is always clo 
regardless of 6. Under all other conditions, the initial unmodified val 
of 8 will enter into the determination of the limits on 2. 

Example 7.5 Simplify the 3-4 term in the following matrix, wh 
the terminal nodes are one and two: 


1 wz xy yz 
viz 1 w! x2 
zy w' 1 zw + 2’y’ 
ye’ wz ewte'y’ 1 


This matrix is first examined by the rectangular method to see if any 
the terms are redundant. Since none are, the 3-4 term is examined } 


the method just described. 
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The first step is to find the value of a and 6. This is done b i 
; replacin 
the 3-4 term with 6 and then evaluating fi2: oe . 


x2 xy ye’ 
fe=|]w' 1 6 
zw 6 1 
xz + bw'yz’ + bryz + d2'2 + w'xy 
x’ + dw'y + dyz + w'ay 
5(w’'y + yz) + xz + w'xy 


The term multiplied by 6 is a, and the other terms are 8. These are 


ll 


ll 


a = y(w’ +z) 
and B = y’z + w’xy 
6 = zw + 2’y’ 


The limits are determined by the inequality 


ade’ <A <a’ +64+8 
which gives 


y(w' + 2)(ew + 2’y’)(a + 2’)(w+2'+y’) 
SA Sy’ + we! + ew t+ 2’y’ Y , 
This reduces to a Shee a aaa 
ayzw SA Sy +twt+ne+e 


This means that any value of \ which satisfies these limits can be sub- 
stituted for the 3-4 term without changing f12. The simplest terms which 
meet these conditions are w, x, or z. We shall select w, although it 
cannot be apparent at this stage whether or not 2 or z would be better 

The modified matrix is now , 


1 wz xy ye’ 
ve 1 w’ wz 
zy wo 1 w 
ye’ wz w 1 


This process could be continued until every term was checked suc- 
cessively and no further reduction was possible. This might involve the 
oxamination of every term several times, since if one term is changed, the 
limits on all the others might also change. This is a little too tia to 
use for the detailed examination of every term. Its major application 
is in node insertion. The criterion which was used to determine whether 
or not a node could be inserted was that the matrix not be changed 
Actually, the only requirement is that the output function of the matrix 
does not change. The limits within which the term can be varied and 
ail retain the same output can be determined by the method just 
described, If a trial insertion and removal of the new node leaves the 
oross-product term within these limits, it is valid, 
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Although two-terminal networks are more frequently used, multi- 
terminal networks are also important. The Boolean matrix technique 
of node insertion is perfectly valid if all the nodes of the network are 
terminals. As a result, it would be desirable to extend this method of 
determining the limits of variation on an element to the multiterminal 
case. The criterion again is that the important output functions be 
maintained. All the output functions may not be important. For 
instance, node one may be an input and nodes two and three outputs. 
It is then important to maintain f12 and fis invariant; fos could take any 
convenient value. - 

If the various output functions of a multiterminal network are evalu- 
ated, 

fiz = 126 + Bis 
fis = o135 + Bis 


fin = 18 + Bin 
fos = 235 + Bos 


: ton = Q2n5 + Bon 


Any value ) can therefore be substituted for 6 as long as it satisfies 
the following conditions: “4 

a125Bi, SX < ay +6 + Bis 

a1308;, SA Sai, + 6+ Bus 


cindBi, SA Selig + E+ Biv 
235893 < r < O93 +6 + Bos 


a2ndBon < nN < on + 6 + Bon 


. 
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This means that the previous single inequality must be modified to meet 
all these above conditions simultaneously. In order to guarantee that 
d includes all the terms to the left of the equation, the largest class which 
can be formed of these conditions must be contained. Similarly, \ must 
be contained in the smallest class which can be formed of the right-hand 
conditions. The resulting inequality is therefore 


where the 2 sign means that the left-hand conditions are summed over 
all significant output functions and the II means that all the appropriate 
right-hand conditions are multiplied together. 

The process of determining the values of \ which lie within these limits 
is rather tedious but is identical in method with that already described. 


7.7 Summary 


The Boolean matrix is a way of writing a Boolean function to represent 
also the physical form of a circuit. Several types of matrices are useful, 
and these are 

1. The primitive connection matrix, which represents the circuit con- 
struction in its most elementary form. That is, only one switching ele- 
ment at most can connect any two nodes. 

2. The connection matrix, which is still a representation of the way the 
circuit is constructed but may have more than one switching element 
between any two nodes. 

3. The output matrix, which gives the algebraic conditions under 
which the various terminal nodes are connected but does not describe 
the way the circuit is constructed. 

An output matrix can be obtained from a connection matrix in a way 
analogous to that used to evaluate determinants. Since the method does 
not work for matrices which are larger than four-by-four, matrices larger 
than this must be reduced by evaluating the matrix minors along a row 
orcolumn. The 7-7 output function for the matrix is obtained by crossing 
off the 7 column and j row and then evaluating in this manner. 

The two basic connection matrix operations are node elimination and 
node insertion. In node elimination, nonterminal nodes can be removed 
by a process which does not change the connections between any of the 
remaining nodes. Node insertion is exactly the inverse of this process 
and can be used for adding nonterminal nodes. 

A connection matrix may contain redundant elements merely by virtue 
of the way it is constructed. A rectangular technique can be used to 
recognize the redundancies. This method is equally effective regardless 





Mae ee ee ee 
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of the number of terminal nodes involved and, as a result, cannot be used i ae ee 
to eliminate all the redundant elements. z 1 2 O 
An additional technique can be used to determine the range over which weil. 
y O z2 1 


any term in a connection matrix can be changed. Although it is too 
cumbersome to be used for complete reduction of a network, it can be 
very useful in special cases. One such use is in determining if a particular 
trial node insertion is permissible. It is also useful if only a few nodes in 
a network are excessively complicated and cannot be reduced by the 


7.5 Evaluate fi; for the matrix in Prob. 7.2, and write it in simplest form. 
7.6 Evaluate fs; for the matrix in Prob. 7.2, and write it in simplest form. 
7.7 Evaluate fo, for the following connection matrix, and write it in simplest form. 


: 1 «yy 0 2 w’ 

rectangular technique. me ae oe Spi agh 

The Boolean matrices discussed in this chapter are all symmetrical. ye lvoy 

That is, ai; = a, Although this is often so, most of the operations given 0 0 vv 1 w 0 

are perfectly valid if the matrix is not symmetrical. Various examples z’ 0 4 ; 4 
wv iy’ 


of the use of both symmetrical and antisymmetrical matrices are given 
in the following chapter. 


7.8 Evaluate f35 for the connection matrix in Prob. 7.7, and write it in simplest 
form. 

7.9 Eliminate node four from the matrix in Prob. 7.4. 

7.10 Eliminate node three from the matrix in Prob. 7.4. 

7.11 Eliminate nodes five and six from the matrix in Prob. 7.7. 

7.12 Eliminate nodes one and two from the matrix in Prob. 7.7. 

7.13 Reduce the following to a primitive connection matrix, inserting as few nodes 


PROBLEMS 


7.1 Draw the relay circuit for each of the following connection matrices: 


1 xy iw 1 « y O Fs 
@ | co. w |? ere as possible. 
yztlu y zw liu 1 2 ye w 
wvuitl 0 vv wil en | eee: 
1 2 y 0 lon yw ia ae 
(c) |* 1 zt+w v (a) |* 1 z 1 a 
y z2z+tw 1 u y zilu 7.14 Reduce the following to a primitive connection matrix, inserting as few 
0 v u 1 w lui nodes as possible. 


1 xyz’ 4 v 
zyz/ 1 xyz w 
xe xyz 1 we 


7.2 For the relay circuit of the following connection matrix, list all paths throu 
the network from node one to node five. Give the function for each path as well as t 


nodes in the order encountered. , 


v w vz 1 
1 x xy z 0 
es 1 y +w v w! 7.15 Reduce the following to a primitive connection matrix, inserting as few 
zy y tw 1 arty ov nodes as possible. No products or sums are allowed in the answer. 
z v ety 1 2! 
0 w' v’ 2’ 1 1 xy wz v 
ry 1 y+a2'z xv 
7.3 Evaluate fiz and fz: for the following connection matrix, and express t zz yta'z 1 as 
functions in simplest form. v xv w 1 


7.16 Reduce the following to a primitive connection matrix, inserting as few nodes 
as possible. No products or sums are allowed in the answer. 


zz “x+y 1 z+u’ 
vay z+w’ 1 1 vw’ +v'w v+w 2’ 
vw’ + v'w 1 ws we! 
7.4 Give the output matrix in simplest form for the following connection ma v+w' ala 1 an! 
assuming all nodes are terminals. x’ een! at 1 
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7.17. Assuming that all nodes are terminal nodes, eliminate the redundancies from 
the following connection matrix. Justify each simplification made. 


1 x vworze ot! ot’! + 

x 1 y yw v+yw 
vwarz y 1 z w 
we’ yw’ z 1 v 
a’ +av v+ywo ow v’ 1 


7.18 Assuming that all nodes are terminal nodes, eliminate the redundancies from 
the following connection matrix. Justify each simplification made. 


1 y a’ ty ay’ + w'yz v 
y 1 Ei vew! z+2w 
a’ +y x 1 y’ 2 : 
a'y' + w'yz — vzw’ y’ 1 w’ + 2y’ 
v z+2w x w' + zy’ 1 


7.19 Assuming that one and two are the terminal nodes, find the limits for the 3-4 
term in the following matrix. Give the complete upper and lower limits in simplest 
form, together with the simplest term satisfying these limits. 


1 0 x y w 
01 v Oo v 
z 1 vw'y 0 
y OO v'w'y 1 2 
wv 0 aw 1 


7.20 Assuming that two and four are the terminal nodes, find the limits for the 
3-4 term in the matrix of Prob. 7.19. Give the complete upper and lower limits 
simplest form, together with the simplest term satisfying these limits: 





CHAPTER 8 


BILATERAL NETWORKS 


Networks constructed of bilateral switching elements often require 
far fewer parts than series-parallel circuits for the same functions. The 
reason for this is that the bilateral devices can be used in the construction 
of a standard series-parallel circuit and, in addition, the bilateral charac- 
teristics can be utilized to provide further simplification. These devices 
therefore provide the designer with the opportunity to reduce circuits 
more than is otherwise the case. This opportunity does, however, have 
its price. The number of alternatives and, therefore, the design effort 
are significantly increased. 

Bilateral switching devices are of two basic types. One is symmetrical, 
such that it behaves identically in both directions. The second is anti- 
symmetrical; that is, when it is an open circuit in one direction, it is 
closed in the other. Relay contacts and bilateral transistors are examples 
of symmetrical elements, while magnetic core gates are antisymmetrical. 
The design of networks using both types of bilateral switching elements is 
treated in this chapter. . 


8.1 Relay Bridge Networks 


The first step in designing a switching network is to determine the 
conditions under which it is to provide an output. These conditions are 
next reduced to simplified form and an output matrix constructed. 
Nodes are inserted until a primitive connection matrix is obtained; then 
the final circuit can be drawn. Actually it is often possible to stop 
inserting nodes before a primitive connection matrix is obtained as long 
us the circuit construction can be easily recognized. 

As might be expected, a complication is involved. The problem is 
that the simplest algebraic form for a network function may not lead to 
the simplest bridge network. This means that the design process must 
be repeated for several alternative algebraic forms until the simplest 
bridge network is obtained. 

After the problem has been expressed as a Boolean function; it is 
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possible to determine the theoretically minimum number of springs 
required. There may not be a circuit which uses as few springs as this, 
but there is no circuit which uses fewer. The way this minimum number 
is found is to examine the simplest factored form of the function. Two 
springs are allowed for every variable in the expression, and then one 
spring is added for each variable which occurs both primed and unprimed. 

This procedure can be used for any two-terminal relay network and is 
particularly valuable because it provides some indication of the ultimate 
complexity required for a given function. Sometimes several circuits 
can be found for a given function which use the minimum possible number 
of springs. More often a larger number of springs are required. 

The same general procedure can be used for multiterminal networks, 
but the best factoring of the individual output functions may not yield 
the minimum number of springs. As a result, several alternative 
factorings must be tried. The way that the theoretical minimum count 
is obtained is to examine these output functions and count two springs for 
each variable which occurs in any one of them. One more spring is added 
for each variable which occurs in both a primed or unprimed form in these 
expressions. 

For example, the theoretical minimum number of springs for the func- 
tion 

fis = aye + 2’y’ + wy'z 


is ten. Two springs are counted for each variable, giving eight. Then 
one spring is added each for x and y, since each occurs in both primed and 
unprimed form. 

For the three-terminal functions 


fie = xyz + 2’y' + wy'z 
fis = xyz’ + wyz 


the theoretical minimum is 11. Again, two springs are counted for ea¢ 
variable which occurs in either or both functions, giving eight. Thr 
more springs are added for x, y, and z, since each occurs both prim 
and unprimed in the two functions. 

Example 8.1 Design a relay network for the following function: 


f = 20, 1, 2, 5, 6, 8, 13, 14, 15 


The factored map shown in Fig. 8.1 yields the following algebrai 
expression: 

fad (w' +y') + yew’ + 2) + cyw + 2’) 
Although this is the simplest form of three-level factoring, the n 
insertion process is usually a little easier if a two-level form is used 
The parenthesis are therefore removed by the distributive law and 
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resulting function used in an output matrix, which is 


1 a’z'w! + a’2'y’ < y'eo" 
fim + y’zx + yw + xyz! 
a'2'w! ao a'z'y' + yew" 
+ y’ex + xyw + aye’ 1 


The next step is to insert nodes one at a time until a reasonably simple 
connection matrix is obtained. In order to decide what terms to factor 
out, it is wise to select those variables which are common to the most 
terms. There are often several alternatives, but there is no simple way 
of telling which will lead to the best solution. The process must then 
be repeated with each of the alternatives until the best answer is obtained. 

In this function, both x and y’ are common to three terms, so either one 
could be selected as a starting point. If y’ is factored first, y should be 
factored next so that a transfer 


contact could be used. Inserting 2 
these two nodes yields the matrix 
in Fig. 8.2a. 


To insert the next nonterminal 
node, the various terms are ex- 
mined to see what common factors 
can be found. If xisfactored out of 
the 2-4 term, w + z’is obtained, and 
an « from the 2-3 term produces z. 
In the 2-3 term, however, z is mul- 
tiplied by w’ + x. If these factors 
are all taken at once, as shown in 
lig. 8.26, a number of new cross- 
product terms are obtained. These 
(erms are shown in parenthesis in 
(he same matrix, and the terms which would be removed by the factor- 
Ing are underlined. 

The matrix is next examined to see if these product terms can be 
Inserted. The matrix in Fig. 8.2a is therefore tested to determine the 
limits over which the 2-4 and 3-4 terms can vary. Testing the 2-4 term 
lirst, 





x’z'w! y’ y 
fe =|a'2’ +ew’+2x 1 0 
6 0 1 
= w’2’w! + a’2'y’ + zw’y'’ + zy’ + yb 
“0 a=y 
B= x'z'w! + x'2'y’ + 2w'y'’ + zay’ 


6 = aw + xe’ 
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care conditions. Any covering of this map is an acceptable term, since 
it satisfies both the upper and lower limits of the equality. 
The new 2-4 term is now 


eps ce these in the inequality . 


xe oats SA Sa! +6+8 


yields zw + xz’ + we! 


yoo + eet et wile bet ne +wty)e +2’ +y) Sd 
<y' + cw t+ xe! 4 a’e'w! + a’2'y! + ew'y’ + eay 





The 3-4 term was zero, and a cross product of wz was introduced by the 
factoring proposed in Fig. 8.2). In order to find the limits on the 3-4 


¥.2 yz YZ 
oo O1 11+ «10 oo O1 11+ «#10 oo Ol 8 611~ 610 


which dies to 
ay(wte')<vA<y tawt+ wv’?! 


The original expression zw + xz’ satisfies these limits, so the additio 
of any other term will not affect the lower limit. The addition of 2’ 





d x'z'w! y’ y 
od xtztwl Tk x'z'+zw'+zx XW +Xz" 
y’ _-x'z'-+zw' +2x 1 0 
y xw+xz' fe) 1 
(a) 
1 x'z'w' y’ any 0 
| xizw xt bzwlkex xw bx! +(w'2')| x+W 
y’ x'z'+zw' +zx 1 (wz) z 
y  xw+xz’+(w'z') (wz) 1 wz 
i setl a 2 Fie. 8.3 aa 0b. B c. 6. d. ads’, ea’ +548. f. cw +22’ + 0'2’. 
0 x+w' Zo Wet ee 
ek arn ae term, the new 2-4 term must be used in the matrix. The matrix now is 
_ Fra. 8.2 1 a2"! y' y 
Sy, SEBO Gee x'2'w’ 1 xe’ + ew’ + ex cw t+ ae’ + w’2! 
is apne permissible because thie resulting term will still satisfy the: up = yale) +ew! + ee 1 0 
limit. y aw + xz’ + w'2’ 0 1 
This smgltiplieation process is somewhat complicated, ak the 
result can be obtained with the aid of a map. When a, 8, and 6 Bo 
obtained, a map is drawn for them as shown in Fig.-8.3.. The map g'2'w! y’ y 
a68’ can then be constructed by putting a one in every square that fio = |a'e’ + ew’ +ee 1 6 
one in both the a and Smaps and a zeroin the8 map. The a’ +6 cw + ae’ +w'e’ 6 1 
map can be constructed by putting a one in every square that has a = x'e'w! + y/d(aw + x2! + w'2’) + yS(x'2’ + zw’ + 22) 


the a map, a one in the 6-map, or a one iti the 8 map. A final map 
then be drawn in which all the ones on the d map are inserted as 
The remaining squares which have ones in the ¢ map are treated as 


+ a'a'w!'d + y!(ax'2’ + ew! + 2x) + y(xw + xz! + w'e') 
a'e!w! + y! (aa! 4 ew! + 2x) + y(aw + xe! + w'e') + B(x + w’ + 2’) 
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yz 


oo O1 11 10 





Although the 8 term is not completely reduced, it need not be, since a 


map can be constructed for it immediately. 


The a and 8 maps and the map for a’ + 8 are shown in Fig. 8.4. The 


lower limit is zero, since 6 is zero, so it need not be examined, but we i 
contained in the upper limit. 

The proposed node insertion is, therefore, valid, and the resultin 
matrix is 


1 z'z'w’ oy’ y 0 
v’2’w! 1 a'2! 0 at+w’ 
y’ i a | 0 z 

y 0 0 1 w+ 2’ 


0 a+tw’ 2z w+ 2! 1 


The only terms which remain to be factored are 1-2 and 2-3. Th 
insertion of these various redundant terms could make the 1-2 tern 
itself redundant, so it is tested to see if some simplification is now possibl 


6 y’ y 0 

ah ee 4 0 z 
fa = 0 O 1 wt+e’ 

ctw z2 wt+2’ 1 


Evaluating minors across the third row would involve the fewes 
matrices. 


é y' 0 ) y’ y 
fu = x'2! 1 oz}+t(wtez’)] a’2’ 1 0 
at+tw’ z 1 ctw’ 2 wt+e 


6+ y'e(x tw’) + a'e'y’ + (wt 2/)[5 + y'a’2’ + y(x@ + w’)) 
5+ y'z(a + w’) + a’y’2’ + (wt 2’)(2’y'e’ + zy + yo’) 


5 was initially x’z’w’, so the three maps for a, 8, 6 and the limit maps 
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w,X 
00 


wx 


00 





Fig. 8.5 


as shown in Fig. 8.5. Clearly zero can be substituted for the 1-2 term, 
so the final matrix is 


1 0 y’ y 0 
0 1 a'2! 0 z+ w’ 
ys at! 1 0 Z 
y 0 0 1 w+ 2’ 
0 at+w’ z w+t2' 1 


Although this is not a primitive connection matrix, it is now simple 
cnough to permit the circuit of Fig. 8.6 to be drawn. 

This circuit uses 14 springs, and the minimum theoretical number of 
springs would be 12. This is obtained by noting that every one of the 
four variables is involved in the most simplified form of the function, 
both primed and unprimed. The minimum network would then require 
only four transfer contacts, one for each variable. There is, however, 
no certainty that this can be achieved; all that can be said is that no 
better circuit is possible. 
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The map factoring which provides the simplest diode circuit is often 
not the best for relay networks or other types of circuits. For this 
example, the three-level factoring which was used could be implemented 
with 18 diodes and requires 14 springs. There are five different best 
two-level factorings which all require 20 diodes, but only two of them use 
14 springs. 

The best practical approach in 
designing relay bridge networks is 
to start with the best two-level fa: 
torings and see which requires th 
lowest number of springs. If mor 
alternatives are desired, the secon: 
best set of two-level factorings ca 
then be tried, and so on. 

Even though this approach wi 
usually lead to the best circuit rather quickly, there are exceptions. The 
are no better general rules which can be given. 

Example 8.2 Design a multiterminal relay network to give the thr 
variable output functions 





Fra, 8.6 


fi = 20, 
fis z1 


This circuit has only two of the three possible terminal connectio 
specified. That is, fie and f1; are given but fos is not. It is theref 
typical of the class of networks which have one input and several outp 
in that the connections between output terminals may be anything w 
ever as long as the connection functions from input to output are 
tained. 

Maps for fi2 and fis are shown in Fig. 8.7a, b, d, ande. Although 
conditions have been set on fs, certain limitations can be inferred fr 
the fie and fis maps. First, if fi2 and fis are both ones for a partic 
condition, nodes one, two, and three are connected together regardl 
of fos. Clearly fss can have don’t-care conditions for every such ¢ 
Similarly if fie and fiz are both zeros for a particular condition, fas 
again be either zero or one without affecting the connection conditi 
from node one to node two or three. In those cases where either fi2 or 
is a one and the other is a zero, f23 must be zero. 

The map in Fig. 8.7c shows the conditions for f2; which are infe 
from fiz and fis. The don’t-care conditions which result from ones 
both maps are distinguished from the others by being under 
Various factorings can be taken for fs; from this map, and they can 
used to simplify the f12 and f,; functions. Tor instance, if the cov 
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(e) 
Fic. 8.7 a. fi. b. fis. cc. fos. ds fio. @. fia. 


xz’ is taken as shown, two of the underlined don’t-care conditions are 
included. This means that nodes two and three are connected under 
these conditions. As a result, either f12 or f1; could be made zero in each 
case as long as the other were left a one. Figure 8.7d and e shows the 
final coverings for these functions. 

The functions which must be implemented are 


fie = y’2’ + ye 
fis = v'z + yz’ 
. fos = xz’ 


These are not actually the output conditions, because they have been 


somewhat simplified; they represent connection conditions between the 
nodes. 
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1 y'z'+yz xztyz' y 
y'z'+yz 1 xz! z+x 
x'z+yz' xz! 1 z' 
y zZ+x z’ 1 
Fia. 8.8 
u yz xz y y’ x 
yz’ 1 0 z+x z’ 0 
x'z 0 1 z' 0 z 
y Z+x z 1 0 0) 
y' z’ 0 0 1 0 
x! fe) z 0 0 1 
Fia. 8.9 


The node-insertion process is started 
with the following connection matrix: 


1 ye’ + ye ale + ye’ 
yz’ + yz 1 az! 
x’z + yz! xz! 1 


A y can be factored out of two terms 
in row and column one, yielding z in 
one case and z’ in the other. Since 
the zz’ cross product will not produce 
a term at 2-3, this is clearly valid. 

It may, however, be possible to in- 
clude additional terms in this same 
factoring. For instance, the 2’ fac- 
tored from the 1-3 term could also be 
factored from the 2-3 term, as shown 
in Fig. 8.8. When this node is re- 
moved, an xy term is introduced in 
1-2. Examination of the original fig 

Fra. 8.10 map shows that this connection con- 
dition was included in the f12 conditions and is therefore acceptable. 

The two remaining product terms are factored by inserting one nod@ 
for each as shown in Fig. 8.9. The only objective in this case is to obtain 
as many transfer spring combinations as possible. The final circuit is 
shown in Fig. 8.10, and it uses 13 springs. 





Although multiterminal networks are frequently much more com- 
plicated than the two-terminal case, it is interesting to note that they can 
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be handled in the same manner. Some modification of the original 
functions is often desirable before a matrix is constructed, but this can 
be done by the simple map operations shown in the last example. 


8.2 Magnetic Core Switches 


Magnetic cores can be used as switching devices in much the same way 
as relays and transistors. There are, however, several important differ- 
ences. In order to see what these differences are, it is necessary to inves- 
tigate the way in which a magnetic core switch works. Then, after the 
device itself is understood, design techniques can be developed. 

There are many applications for magnetic cores, but their usefulness 
as a switching device stems from the magnetic property of the material 
of which they are made. This property can best be described in terms 
of the hysteresis loop shown in Fig. 8.11. The degree of magnetization of 
the material depends on the amount of current being passed in a wire 
around it, as in Fig. 8.12. If a large current is flowing, the core will be 
saturated, at point A of Fig. 8.11. If the current is then decreased to 
zero, the core will remain saturated 
but will be in the state shown at B. 
Now, if a large negative current is 
applied, the magnetization will be 
reversed, ending at C. Again, re- 
moving the current leaves the core 
saturated, but this time at state D. 


A 


i 
eee Res 





D 
Fia. 8.11 Fia. 8.12 


Cc 


When the magnetic core is used as a switch, two windings can be used, 
one for a bias or control and the other as a switch. The reason that this 
works is that the impedance across the switch winding depends on the 
current in the x winding. If x holds the core saturated and the current 
in y tends to drive the core further into saturation, y is a low impedance. 
If, however, a holds the core saturated in one direction and y tends to 
reverse the magnetization, the impedance of y will be large. 

As a result, the control winding x can be used to change the impedance 
of wire y in much the way that the coil on a relay or the base of a tran- 
sistor can be used. The important difference, however, is that the 
impedance of y depends on the direction in which current in y is flowing. 
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If it is bucking current z, the impedance will be high, and if it is aiding, 
the impedance will below. This is because in the first case y is tending to 
reverse the state of magnetization and in the second case it is driving the 
core further into saturation. 

In a logical drawing of a magnetic core switch, only two kinds of infor- 
mation are required. The first, of course, is the source of the control 
current. The second concerns which direction is a low impedance when 
the control current is in state one. Figure 8.13 shows a schematic of a 


switch core controlled by current x. 
oe ec 
x 


If x is in state one, the path from 

Fic. 8.13 node one to node two is a low imped- 
ae ance while the path from two to one 
is a high impedance. The direction of the arrow indicates the low- 
impedance direction for x one. When z is zero, the path from one to 
two is a high impedance and that from two to one is low. 
Core switches can be connected together to form gating structures in 
much the way that relays can. For instance, the gating structure in 
Fig. 8.14a is xy, while that in Fig. 8.14b is x+y. In Fig. 8.14c, the 
circuit has a transmission function 


fis = x'(y + 2’) 
The transmission function in the reverse direction is 
for = a(y’ + 2) 


These functions are clearly not negatives of each other, although the 
variables are primed in one case and not in the other. One is the negati 


ee 
ee : 
eo aye ae ee 


(a) (b) . (c) 
Fig. 8.14 


7 


of the dual of the other. If the operation of taking the dual is indicated 
by an asterisk, this relationship is 


far = (fh)! = (fia)* 


This is obtained as follows: 


Sik = 2’ + ye! 
ff)’ = xy’ + 2) = fa 
A Boolean matrix for a switch core network cannot be symmetri 
because the cores themselves are not. For instance, the matrix for t 
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circuit in Fig. 8.14c is aCe 
0. 1.  -z+ty’ 
zeéty 1 


The connection from node one to node three is entered in the matrix in 
the 1-3 location, that is, row one, column three. Similarly the connec- 
tion from node three to node one is entered in the 3-1 location. 

The output functions for this matrix are obtained by exactly the same 
method as with symmetrical matrices. 


0 4 F 
fa= [19 , t|--¢ + y) 


and fu =|? Pt) moet) 


The matrix operations which were outlined in Chap. 7 were quite 
general and did not require that the matrix be symmetrical. As a result, 
node insertion and node elimination in switch core matrices can be 
handled in the normal way. Care must be taken in node insertion, how- 
ever, because cross-product terms are introduced by almost any factoring. 

The rectangular technique for finding redundant terms does not work 
in general, however. 

The formula which was obtained for checking the limits of variation 
of any matrix is also quite general. In the symmetrical case, the limits 
were obtained on the 7j and ji term at the same time. In the case of 
switch core matrices, the limits must be obtained separately, first for the 
7j term and then for the j jt term after the new limits have been substituted 
for 77. 

Example 8.3 Design a switch core network for the following function: 


f(w,z,y,z) = 20, 1, 2, 5, 6, 8, 13, 14, 15. 


This is the same function as that Gag t in n Example 8.1, and the factored 
form used there was : 


f= '2!(w! + y’) + y'z(w" + x) ag ay(w + 2!) 
The two-level Yorm which was used was 
fi = a'2'w! + a'e'y! + yew’ + y’za + cyw + xyz! 


The negative of the dual of f;: must be taken to give fz:, and this is found 
by priming every unprimed variable and unpriming every primed. one. : 


+ a’y’w' 


The output matrix is next constructed, and nodes inserted. 


Soy = wew + wey + ye'w + ye'2’ + a'y'z 


Insertion 
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of node three yields the matrix shown in Fig. 8.15a. This node is inserted 
the same way as with symmetrical matrices, but care must be taken to 
preserve the antisymmetrical character of the resulting form. 

Node four is inserted in the resulting matrix in the way shown in 
Fig. 8.15b. It is interesting to note that this particular node factoring 
would have resulted in cross-product terms in a symmetrical matrix 
while it does not in the case of a switch core matrix. In a symmetrical 
matrix, for instance, factoring x’ out of the 1-2 term 2’z’w’ and the 3-2 


1 x'z'w' +x'z'y' ty'zw'+y'Zx+ xyw + xyz" y’ 
xzw+xzy +yz'wtyz'x'+x’y'w'-+x'y'z 1 xz+z'w+z'x' 
y x'z'+ Zw! +zXx 1 
(a) 
1 x'z'w' + xyw+ xyz’ y’ z'w' 
xzw+x’y'w'+x'y'z 1 xXZ+z'wtz'x' x 
y x'z'+ ZW! +zx 1 z’ 
zw x’ z 1 
(b) 
1 xywtxyz’ y’ zw’ w+z 
x’y'w'+xy'z 1 z'w+z'x' x x’y’ 
y ‘zw' +ZXx 1 z’ 0 
zw x! z 1 w 
w+z xy (0) w' ] 
(c) 
Fia. 8.15 


term x’z’ would have inserted the cross-product term z’w’ in 1-3. As 
can be seen, this is not the case in a switch core matrix. 

Node five is next inserted by the trial substitution shown in Fig. 8.15¢e, 
Here zy is factored from the 1-2 term to yield w + z’, which can also be 
factored from the 1-4 term to yield w’. This trial node insertion results 
in two cross-product terms: one, z’y’w’, is inserted in 2-4, and the other, 


xyw, is inserted in 4-2. 


The validity of this trial node insertion can be determined by evaluating 


the limits over which these two terms can be varied. In a symmetrical 
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matrix, the limits on the 2-4 and 4-2 terms were identical, so the 6 was 
substituted for them both at the same time. In this case, the two limits 
will not generally be the same, so they must be evaluated separately. 

In evaluating fi2, column one and row two are crossed off, so the 2-4 
term does not appear in the result. This means that 


aoa = 0 
so that 0 < dry <1 


and any value can be substituted for the 2-4 term as long as it is the 
negative of the dual of the 4—2 term. 
The limits on the 4-2 term are found by evaluating fi. for the matrix 
before the insertion of node five. 
cyw+ayz’ y' zu’ 
feo =|) z’+e2r 1 z! 
6 z 1 
ayw + axyz’ + y’2’5 + ew’y’ + zry’ + b2’w’ 


ll 


For this, 


y'2! + 2’w’ 
zyw + xyz’ + zw’y’ + zay’ 
= 7’ 


~»DWR 
Il 


Maps for these terms and for the resulting limits on \ are shown in Fig. 
8.16. As a result, the cross product can be inserted in the 4-2 term, so 
the proposed factoring for node five is valid. 

The insertion of two more nodes completes the reduction of this matrix 
with no complications. 

The final matrix is 


1 0 y OO w+e2' 0 0 
0 1 0 « 0 w+ x’ 
y 0 1 2’ 0 Zz 0 
0 x’ z 1 w 0 0 
w +z 0 0 w’ 1 0 y 
0 w+e 2 0 0 1 0 
0 x 0 O y’ 0 1 


and the switch core network is shown in Fig. 8.17. 


This example illustrates the way in which nodes are inserted in a matrix 
for a switch core network. The method is the same as that used for 
symmetrical matrices, except that cross-product terms arise more often. 
For example, in a symmetrical matrix, an x can be factored from the two 
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YZ 
00 «Ol 











b. cB dea’ +648. @ x’ + wry. 





Fig. 8.16 a. a. 





Fie. 8.17 


terms zy and zy’ with no difficulty. In a switch core matrix cros 
products will be introduced. If a is factored from the 1-2 and 1-3 te 
in the matrix 


1 «ay 2y’ 
sy’ 1 O “ 
zy O 1 
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Fig. 8.18 a. fu. 


b. fis. 


c. fox. a. fae. 


the following matrix will result: 


sSoorF 
qgroo 
reese 


~ 


sore 


Removal of this node will give 
1 sy cy’ 
ay’ 1 y’ 
vy y il 
The cross products y’ and y clearly affect the connection conditions, so 
that this factoring is not valid, 
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Multiterminal networks can be designed using switch cores as demon- 
strated by the following example. 
Example 8.4 Design a multiterminal switch core network to give the 
following four-variable output functions: 


fie pais z0, 1, 2, 7, 8, 9, 11, 13 
fis = 23, 4, 5, 6, 7, 8, 9, 15 


The maps for these functions are shown in Fig. 8.18, together with 
possible maps for fss and fz2. Again, no functions are specified for f2s or 
fsa, 80 any functions can be chosen which will simplify the resulting net- 
work as long as they do not alter fi: and fis. 

The f23 and fs2 maps are different because switch cores are not sym- 
metrical. For instance, the fo; map is determined by the conditions under 
which node two can be connected to node three. If fi2 is zero for a given 
set of conditions, f2s can be either zero or one without affecting fis. The 
fs2 map also has don’t-care conditions for every case where f1s is zero, 


J x'y! + w!x'z! + wy'Z + wXx'z wx wlyz-txyz-twx’y’ y’+w'z' 
xy + wxzt w'yz'-+w'xz! 1 wx'y'z' y'z’+x+w'z' 
wx’ t+wy’z'+x'y'z'+w'vy w'xyZ 1 w'x 
ytwz yZ+x'+WZ wx' 1 
Fia. 8.19 


Clearly, wx’y’ could be covered on fo3, but this would require that w’ay 
be covered on f32. Since this latter covering contains a zero, it is not 
possible. The other possibility is w’zyz on fiz. This can be implemented 
with the path f1s/32 if this term is covered on the f32 map as shown inthe 
figure. This is valid because the wx’y’z’ covering on f23 does not contain 
azero. Asa result the functions to be implemented are 

fie = aly! + w'a'2! + wy’e + w2'z 
fis = we + w'yz + cyez + we'y’ 
to: = wa'y'2! 


and these yield the following matrix: 


1 xy’ + w'a'2! + wy'ez + we'z 
cy + wae + w'y2’ + w'az! 1 
wa’ + wy’e’ + 2'y’e! + w'ey w' xyz 
w'x + w'yz + xyz + wa'y! 
we'y’2! 
1 
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A fourth node can be inserted in this matrix as shown in Fig. 8.19. This 
factoring does not introduce any cross-product terms, as can be verified by 
removing the node. One important point is illustrated, however, and 
that is the way in which an f23 or f32 term can be used to simplify the net- 
work. If the w’xyz term had been left in fiz, it could not have been 
factored with this node insertion, whereas it can if placed in f32. 





1 x'z. w'x+w’yztxyz —oy’+w’z' z'+wx' | w'+x 
w'xz! 1 (¢) y'z'+x+w'z’ Zz 0 
wx! -+wy'z'+x’y'z! 0 1 w'x 0) y'z’ 
y+wz yZ+x' +wz wx’ 1 ytw 0 
z+w'x z 10) y’+w' ! 0 
w+x’ (0) yz 0 0 ] 
Fia. 8.20 
1 QO wx y Z'+wx! w'+x 
0 1 0 x z' 0 
wx’ 0 1 wx 0  y'z’ 
y x’ wx’ 1 ytw O 
ztw'x z O y'+w 1 0 
wtx' O yz 0 0 1 
(a) (b) 
Fia. 8.21 


The fifth and sixth nodes can be inserted without any complications, 
as illustrated in Fig. 8.20. Although this does not result in a primitive 
connection matrix, it is simple enough to allow the final circuit to be 
drawn, as shown in Fig. 8.21 together with the final matrix. 


8.3 Sneak Path Elimination 


The node-insertion process in a Boolean matrix often produces cross- 
product terms. If these terms introduce extraneous output conditions, 
either the node insertion is not allowable or these outputs must be 
eliminated. As shown in the earlier parts of this chapter, these cross 
products often do not cause trouble, but frequently the most economical 
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factoring cannot be used because of them. In many cases the undesirable 
output function is the result of a sneak path which passes in one directio: 
through a bilateral element, while the desired outputs all pass in the 
opposite direction. In this case, a diode can be connected in series wit 
the element to eliminate the sneak path. 

For instance, in the following simple switch core matrix 


1 ay cy’ 
vy’ 1 0 
ay O 1 


the x. could be factored out of the 1-2 and 1-3 terms by the insertion 6 
one node to give the matrix in Fig. 8.22a and the circuit in Fig. 8.226 
This introduces two cross-product terms, y’ in 2-3 and y in 3-2. 





Toy wy x 
xy 1 0 y' 
xy -@. A Oy 

a on: 2a, 

(a) 


(b) 3 


Fie. 8.22 


Assuming that no connection path is desired between nodes two am 
three, this node insertion is not valid unless the cross product can b 
eliminated. ; 

Diodes can be inserted between nodes two and four and nodes three an 


four to two or three, but not in 

2 reverse direction. As a result, 

connection matrix is 

y 1 0 0 

0 10 

0 01 

1 M ey y 
Removal of this fourth node will pro 

y duce the matrix 


rFPoc;cs 


1 sy sy’ 
3 0 1 0 

pe Mey | 
which retains fiz and f1s but removes fs: and fs. If these last functio 
are not important, the sneak paths have been eliminated by insert 
two diodes. This then allows a saving of one switch core. 


Fia. 8.23 
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Starting again with the original matrix, the fourth node can be inserted 
as shown in Fig. 8.24. Since fis and fi; are the important functions, 
none of the terms which are factored from them can be removed. If, 
however, fo: and fz: are not essential, any terms factored from them can be 
made zero. If the two terms which are crossed off are made zero, the 


) @ @) 


xy’ 1 0 “ 
xy 0 1 ¥ 
x O) Y) 1 


Fic. 8.24 


cross products will be eliminated. Crossing off a term in this manner then 
means that a diode is inserted in the network to block the sneak path. 
The other problem is to recognize the terms which contribute to the 
functions f12 and f13. This can be done by circling these terms and any 
one which is factored from them. Any uncircled terms can therefore be 
crossed off. 
The network can be further complicated to demonstrate an additional 
point. 
1 ayz ay'z' 
xy’2’ I 0 
x’ y2 0 1 


This can be factored as shown in Fig. 8.25, and the appropriate terms 
circled. The important point to note here is that when a crossed-off 
term is a product, only one of the products need be made zero by insert- 
ing a diode. Removal of these nodes results in the matrix — 


1 aye xy'2’ 
0 il 0 
0 O 1 


which satisfies the original requirements. 

Using this technique, the answer obtained in Example 8.3 can be 
simplified. First, the original matrix is rewritten and the third, fourth, 
and fifth nodes inserted as before. In addition, all terms which are 
factors of the necessary output conditions are circled. As shown before, 
these did not produce any unwanted cross products, so this will be used 
as the starting point for further factoring. This matrix is redrawn in 
Fig. 8.26a, and one more node inserted as shown in Fig. 8.26b. 
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1 @ @)@)]°]° 
¥ ] 


o }w |] y | o 


* ®® '10}/© 
o G) o » 
0 0 (G) x 


Fia. 8.25 


° 


fo} 


Four cross-product terms are introduced by this insertion, but three 


of them can be removed by crossing off the two terms as shown. These 
can be removed because they are factors of fei but not of f12, as can be 
found by examining the complete factoring shown in Fig. 8.26a. The 
one cross product which is not removed is yw’ in 5-2, so the matrix must 
be evaluated to see if this is allowed. 
The matrix which is to be evaluated is 


1 0 y 0 wte’ 0 
0 1 0 « 0 w+’ 
y 0 1 2’ 0 z 
0 zg! z 1 w 0 
w +z 0 0 w’ 1 y 
0 w'+ez 0 0 0 1 
As a result 
0 y 0 w+ez 0 
0 1 2 0 Zz 
Sis => a’ Z 1 Ww 0 
0 0 w’ 1 y 
w+eze 0 0 0 1 
If this is evaluated by minors across the bottom row, 
y O wt+e 0 0 y 0 w+e2’ 
A d 
fum (tale yo gia ee 
0 w’ 1 y 0 0 w’ 1 
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GOO @ 
+) +@)+@) 


xzw+xzy+yz'w xz+z'w i, 
+yz'x'+x'y'w' +x'y'z , +2'x! * a 


y &)* () 0 


~ 
o 


() 
ne @ 0 @ 1 
Y) 


o 
NX 
< 
+ 
NL 
x 


x x’y' wt+x' 


o; = ie 
(*’) 1 w 0 
“ @®@ © © 1 J@ 
0 (w)+(x) x 0 1 


(b) 
Fic. 8.26 


These two matrices are further reduced by taking minors along the first 
row and down the first column, respectively. 


z O 2 1 2 2 
Sie = (w+ 2x)y'} 1 ow o| +o +e +.) 1 O 
w ly 0 w y 
y O wte' 
+a’}1 2’ 0 
0 w’ 1 





Multiplying these out gives 


fia = (w! + x)y"(2’wy + 2) + (w’ + x)(w + 2’)(y + ew’) + 2! (ye! + wz’) 
= w'y’2 + aye + w'e'y + eyw + aye! + 2'y’2! + 2'w'e! 
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This can then be checked against the original function by constructing 
map from it and checking it with the original. 

As can be seen from the map in Fig. 8.27, this circuit does, in fact, pro- 
duce the desired function. The final circuit is shown in Fig. 8.28. 
Removal of the diode in the 5-6 
branch will introduce the term 
w'x’y’z, which is allowed so that only 
one blocking diode is necessary. 


8.4 Summary 


Boolean matrices can be used 
effectively in the design of networ 
using bilateral devices. A bilater: 
device is one which can act as 
switching element for signals p 
ing in either direction. Bilate 
devices can be generally divid 
into two classes, those which 
symmetric and those which are antisymmetric. 

The relay is symmetrical and serves as an excellent example of th 
design techniques used with this class of components. The bilatera 
transistor is another such element, but the design techniques are e 
tially the same as those used with relays. The only difference is 





Fic. 8.27 





Fia. 8.28 


transistor networks are generally inverting, so that the network should 
designed for the negative of the desired function. 

The general procedure for designing a bilateral network using 
metrical components is to specify the conditions under which an ow 
is to be produced. A map is then constructed from these conditions. 
the set of best two-level factorings found. For each of these, an 
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matrix is constructed and: nodes inserted until the circuit configuration is 
found. Care must be exercised to prevent the introduction of unwanted 
output conditions. The final circuits are then compared, and the best 
one selected. 

Although a little more effort is required to specify the output conditions, 
the design of multiterminal bridge networks can be handled by the same 
procedure. 

The magnetic core switch is an example of an antisymmetrical switching 
element. There are many different types of magnetic core switching 
circuits, but the one described in this chapter best illustrates the tech- 
niques of designing networks from antisymmetrical components. 

The general procedure for designing networks from antisymmetrical 
bilateral elements is essentially the same as for the symmetrical case. 
The difference is that the matrices are not symmetrical, so that more 
care must be taken during the node-insertion process. 

Often the most economical factoring of a matrix introduces sneak paths 
which cause unwanted output conditions. These can frequently be 
eliminated by inserting diodes in the network in such a way as to block 
the sneak paths but not affect the other output conditions. The result- 
ing circuit may well be considerably simpler than would otherwise be 
possible. This technique works for switch-core and transistor logic and 
also for d-c relay contact networks. 


PROBLEMS 
8.1 Draw the relay network for the connection matrix 


, , 


1 
a! 


a 2 -# 

Loy y 
z y 1 w 
zZ y wil 
and determine if this uses the theoretically minimum number of springs with nodes 
one and two as terminals. 

8.2 From the matrix in Prob. 8.1, what would be the theoretically minimum 
number of springs if nodes one and three were the terminals? 

8.3 From the matrix in Prob. 8.1, what would be the theoretically minimum 
number of springs if nodes two and three were the terminals? Draw a circuit for fos 
which uses this minimum number of springs. 

8.4 Draw the relay network for the connection matrix 


1 w’ 

w’! 1 
v' 
v 


~ 


v 
, 


y w+z 
v 

y 1 z 

z’ +2 2! 1 

and determine the theoretically minimum number of springs with nodes one and two 

as terminals, Draw a circuit using this minimum number of springs. 
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8.5 Using the matrix from Prob. 8.4 with nodes one and three as the terminals, 
is there a relay circuit which uses the theoretically minimum number of springs? ; 

8.6 Using the matrix from Prob. 8.4, the circuit can be simplified to six springs if a 
particular pair of nodes are chosen as terminals. Which pair is this? 

8.7 Design and draw a relay network with as few springs as possible for the four- 
variable function fiz = 20, 6, 7, 9, 11. ; ; 

8.8 Design and draw a relay network with as few springs as possible for the four- 
variable function fiz = 20, 2, 5, 6, 7, 12. 

8.9 Design and draw a relay network with as few springs as possible for the four- 
variable function fiz = 21, 3, 4, 7, 8, 11, 13, 14. ; : 

8.10 Design and draw a relay network with as few springs as possible for the four- 
variable function fiz = 21, 3, 4, 7, 8, 10, 13, 14. 

8.11 Using relays, dunia and draw a three-terminal network for the following 
four-variable functions: fiz = D2, 3, 4, 5, 7, 10, 11, 12, 18, 14 and fis = 20, 1, 5, Opam 
8, 9, 12, 14, 15. Any function can be used for fz; as long as these functions are not 
affected. ; ; 

8.12 Using relays, design and draw a three-terminal network for the following 
four-variable functions: fiz = 25, 7, 9, 12, 15 and fis = 25, 8, 9, 12, 15. Any fune- 
tion can be used for fz; as long as these functions are not affected. 

8.13 Using switch cores, design and draw a network for the function fis = v2 + 
awy +2'y. ; 

8.14 Using switch cores, design and draw a network for the function fie = cy + 
wwe + w'2 + 2’w'y. : 

8.15 Using switch cores, design a three-terminal network for the four-variable 
functions fiz = 20, 1, 2, 3, 6, 8, 9, 10, 11, 12, 13, 14, 15 and fis = 20, 1, 2, 3, 9, 12, 13, 
14,15. Any functions can be chosen for f2s and fz: as long as fi2 and f, 1s are preserved, 

8.16 Design a three-terminal network for the following four-variable functio 
using switch cores: fiz = 25, 7, 9, 12, 15 and fis = 5, 8, 9, 12, 15. Any function ¢ 
be selected for fe as long as fiz and fis are not affected. j 

8.17 Using switch cores, design a three-terminal network for the four-varial 
functions fi2 = 20, 2, 8, 10, 11, 14, 15, fis = 20, 2, 3, 8, 9, 10, 11, 15, and fos = 20, 1, 
7, 8, 9, 11, 15. ; 

8.18 Usue switch cores, design a three-terminal network for the following f 
variable functions: fi2 = 20, 1, 2, 6, 7, 9, 12, 13, 14, 15 and fis = 20, 1, 2, 3, 6, 7, 
13,15. Any functions can be used for f23 and fs2 as long as fiz and fis are correct, 

8.19 Design a circuit for the following four-variable function using switch co 
fiz = 2, 3,9, 11, 14, 15. Diodes can be used to block sneak paths and fo: can be 
function as long as fi2 is correct. : } 

8.20 Using switch cores, design a circuit for the following five-variable functio 
fis = 1, 3, 9, 11, 12, 18, 14, 15, 17, 24, 25, 26, 27. Diodes can be used to block sn 
paths and fs: can be any function as long as f12 is correct. ; 

8.21 Using switch cores with diodes to block sneak paths, design a three-term: 
network for the following four-variable functions: fi2 = 20, 1, 2,7, 9, 12, 13, 14, 15 
fis = 20, 1, 2, 3, 6, 7, 9, 13, 15. Any functions can be used for fai, fsi, fos, and fag 
long as fie and fis are correct. 


CHAPTER 9 


CASCADED NETWORKS 


The previous chapters have dealt with the problems of designing indi- 
vidual switching circuits. The next step is to consider how to construct 
larger systems from these circuits. The design of circuits which involve 
more than about six variables is quite difficult, so it is often desirable to 
design several circuits which are themselves simple but can be combined 
to form a more complicated system. By complicated we do not mean 
that the operation of the system is hard to understand but only that it 
involves many variables. 

This chapter, then, is concerned with the design of circuits which can 
be cascaded to form a system; that is, the outputs from one circuit are 
the inputs to the next. The complete network can then be considered 
as made up of a large number of identical standard circuits with a few 
special circuits at each end. These cascaded circuits can be of two basic 
types: level logic or pulse logic. Level logic may be inverting or non- 
inverting, while pulse logic may be clocked or not. 

Noninverting level logic uses components which are not capable of 
inversion but can be used in and and or configurations to generate Boolean 
functions. Relay networks and superconductors are of this type. 
Transistors can be used in inverting level logic because they are capable 
of generating the negation operation. 

A fundamental requirement in level logic is that the levels be standard. 
This is essential because the levels must be propagated through a large 
number of stages and must not deteriorate through the network. Diodes 
cannot be used unless an amplifier is inserted periodically to regenerate 
the voltage levels, because the forward voltage drop of a diode, though 
small, is significant. After a number of stages of such logic, the levels 
for a one and for a zero will approach each other and circuit operation will 
become critical. Relays and superconductors do satisfy this requirement, 
however, and with careful circuit design, transistor circuits will as well. 

Unclocked pulse logic is used for carry generation in many digital com- 
puters. Because of the delay through these networks, the carry genera- 
tion time is an important factor in the speed of the computer, and care is 
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generally taken to reduce this delay to a minimum. Asynchronous ~ 
operation is then used to obtain the minimum possible delay from the 
entire network. Often, in fact, the entire computer is made asynchronous ~ 
in order to take advantage of the statistical nature of the delays involved 
in various arithmetic operations. 

Diodes or transistors can be used to gate pulses through such net- 
works, but the pulses must be regenerated periodically. This is necessary 
because the pulses lose amplitude and shape in passing through gates, and 
they must be amplified and reshaped. Clocked pulse logic is similar to 
normal pulse logic except that the delay through every gate-amplifier 
stage is accurately timed. Dynamic circuits are an example of this 
arrangement. 

This chapter starts with a treatment of relay passive networks and 
gives some examples of how they are designed. Following this is a dis- 
cussion of inverting level logic using transistors, diode gating in pulse 
logic, and dynamic circuits. 


9.1 Iterative Networks 


An iterative network (13) is one in which a number of identical circuits” 
or cells are cascaded to form a complete system; each of the cells can use 
noninverting level logic. One such network is often used to control a 
light from a number of switches. This is done by wiring them so that 
if an odd number of switches are up, the light is on, if an even number 
thrown, the light is off. If a simple circuit can be designed for t 
purpose, any number of switches could be used by merely connecting t 
appropriate number of circuits. The light could then be turned on or 
from any one. 

Before discussing how such a circuit can be designed, we shall fi 
discuss the method to be used. The network at the start of a desi 
problem is considered as broken up into a number of cells each with seve 
inputs and outputs, each one involving only one variable or relay. Sine@ 
each of these cells is identical and the outputs from one feed the inputs 
the next, each circuit must have the same number of inputs as outputs, 
The first step is to decide how many of these inputs and outputs are 
required. The only way information can propagate from one cell to t 
next is by the particular input line that is used. The individual cells 
must then have as many inputs and as many outputs as there are states of 
the system. If these inputs and outputs are numbered, a chart can be 
drawn which tells the conditions under which the various inputs of a sin; 
cell are connected to the outputs of the cell. 

In order to design an iterative network which is closed only when 
odd number of relays (or switches) are operated, a cell somewhere in 
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middle of the network is considered. There must be some way of knowing 
if an odd or an even number of relays are operated in the preceding cells. 
Since this is all that is needed, only two inputs and two outputs are 
necessary: one for an odd number operated and the other for an even 
number. 

The chart shown in Fig. 9.1a can now be drawn. The variable in this 
cell is x, and the column under zero gives the number of the output which 
is connected to the input when z is released. The column under one gives 
the connections when z is operated. If there were an odd number of 
relays operated in previous cells and x were unoperated, input one should 
be connected to output one. This is indicated by the one in the column 


Xx 
Odd 1] 1 | 2 |1--> Output 
Even ------ 2 an] 2 x 
a: 2 2 
(a) (b) 
1 x ; z' Output 
bea RS pees ee Son seats baal els 
a x (to light) 
Zz 
F x 
5 Aart 2 2 
(c) 
Fie. 9.1 


under zero opposite input one. Similarly, if « were operated, there would 
then be an even number of cells operated before the next cell in the net- 
work. In this case, the output should be two. This is indicated by the 
two in the column under one opposite the input terminal one. 

The circuit for this cell can now be drawn, since it is completely specified 
by this chart. It is shown in Fig. 9.1b. Two additional bits of informa- 
tion are shown in the chart. These indicate the input connection to the 
first cell and the output connection from the last. In this network and 
in most cases, the first and last cells do not use all the inputs or outputs 
and so can be simplified. The complete network is shown in Fig. 9.1e. 

Example 9.1 Design an iterative network which is closed whenever 
the number of operated relays is not a multiple of three. 

The number of states which must be specified is three: one for the case 
where the number of relays operated in earlier cells is a multiple of three, 
the next for when it is one more than a multiple of three, and the third 
for when it is two more. The chart for this circuit is shown in Fig. 9.2a, 
and the circuit in Fig. 9.2. 
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In these networks it was assumed that only one input line of any cell is 
energized at a time. If, in this example, the network were turned end 
for end, however, it is clear that this condition does not hold. The output 
lines, for instance, are terminals two and three. As long as no relays are 
operated, lines two and three are energized. At the first cell that becomes 
operated, the energized outputs are one and two and the next operated 
cell thereafter, one and three. These conditions represent the three 
states of the system: a multiple of three cells operated, one more than a 
multiple of three, and two more. A chart for this arrangement is shown 


xX 
o 7 a’ b 
Multiple of ___ pak ae 
three £ ] - 
Plus one 2 EAEy wi 
Plustwo 3 | 3 | 1 |- Output 


(a) 









Fig. 9.2 


Xx Xx 
0 1 0 1 


Multiple of 23 | 12 | 
three = ae 
Plus one ‘1,2 paba yy --- 2 ELER 
Plustwo = 1,3 | 13 | 23 |-- Output [es 3] 3 | 2 | 
(a) 


Fia. 9.3 


in Fig. 9.3a, and a table of terminal connections is shown in Fig. 9.3, 
Even though this network is just the same as the earlier one, it illustrates 
that the states of the system can be assigned various combinations of 
terminals and the resulting network deduced from this assignment. 

Although there are many ways of assigning terminals to each of these 
states, few of these assignments are actually physically realizable. This 
is because these assignments are often conflicting and result in terminals 
being energized under conditions where they should not be. 

Unfortunately, there are no general rules that can be applied to the 
problem of selecting the combination of terminals for each state. Hows 
ever, networks can frequently be simplified by such an arrangement, 80 & 
few tries are usually worthwhile. 

An additional concept which can be quite useful is that of an opera 
group (13). This term is used to mean any group of adjacent 
which are operated. For instance, if the first relay in a network 
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released, the second and third operated, and the fourth released, relays 
two and three constitute an operated group of two. Any operated group, 
therefore, has an unoperated relay in front of it and one after it and may 
contain as many relays as are consecutively operated. For the purposes 
of this definition, if the first relay in a network is operated, it will be con- 
sidered the first relay in an operated group. Similarly, if the last relay 
in a network is operated, it will be considered the last relay in an operated 
group. 

In the design of a network, the conditions of the network up to a 
standard cell are considered. If the previous relay is operated, it is then 
part of an unterminated operated group. If the cell under consideration 
is released, it then is considered as terminating the operated group. 

Example 9.2 Design an iterative network which is closed when all 
operated groups contain an odd number of cells but is open when no 
relays are operated. 

The first step is to consider the various cases that might occur. Con- 
sidering the «x cell, there may be no operated relays before cell x in the 
network and therefore no operated groups. This state can be labeled A. 
The next case is where there are one or more operated groups before 
and they all contain an odd number of cells which are terminated prior to 
x, which means that the cell just before x must be released. This case 
is called valid, meaning that the required conditions are satisfied, and it 
islabeled B. The next case is where all the terminated groups contain an 
odd number of cells but there is an unterminated group just before z. 
Since this unterminated group may have an odd or an even number of 
cells prior to x, two states are required, one for odd and one for even. 
These are labeled C and D, respectively. The last case is where there is 
at least one terminated group which contains an even number of cells, 
and this is called invalid and labeled H. Actually, the invalid state need 
not be considered as long as an indication is made that no output is to 
be provided from the cell under the conditions which lead to that state. 
There are now four states of the network and, as a result, four input and 
four output terminals for every standard cell. If terminal one is assigned 
to state A, terminal two to B, three to C, and four to D, the chart and 
circuit will be as shown in Fig. 9.4. 

The terminal cell can be simplified somewhat, and the two initial cells 
can be simplified. The reason that two initial cells can be simplified is 
that the first cell can have only two outputs, so that the second cell will 
have only two inputs. Since the second cell has four outputs, the third 
cell cannot be simplified. Also, the output terminals can be simplified, 
because if the output from the last cell is either state B or C, the required 
conditions will be met. 

The standard cell in Example 9.2 requires 11 springs if each terminal is 
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considered as a state. If a different assignment is made, however, a 
simpler standard cell will result. The circuit shown in Fig. 9.5, for 
instance, uses multiple assignments for the various states and requires only 
nine springs for each standard cell. 

In order to specify this network, two separate tables are required, one 
for the states and the other for the required terminal connections. As 
indicated, the network input is state A, so terminals one, two, and four 





Valid plus unterminated group-odd........- 


Valid plus unterminated group -even 


--- 20——_+——02 
(a) (b) (c) 
Fia. 9.5 


are shown connected to the input. The output is to be provided when- 
ever the last cell gives an output of either state Bor C. This is impossibl 
without some sort of inverting circuit, so new configurations must 
investigated. 

The process of selecting a suitable assignment of terminals for 


network state is unfortunately almost entirely by trial and error. 
general approach is, however, the following: 
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The state diagram is drawn, as shown in Fig. 9.6a, with the input and 
output states indicated. Several facts can be deduced from this chart. 
First, states A, B, and D could well have one terminal in common, since 
they all go to the same state when the cell is operated. States B and C 
could also have a terminal in common, but it must be a different one, 
because no terminal that is included in state D can give an output when 
the cell is released. Also, if this terminal that is common to B and C is 
not used in A, it can be used to provide the network output. 





2 2 
---4 4 
---1 1 

3 3 





Fic. 9.6 


The state with the most severe conditions is D because it cannot provide 
an output when the cell is released. If one terminal is assigned to this 
state and another terminal assigned to states B and C, the partial chart 
shown in Fig. 9.6b can be drawn. Also, one partial list of terminal con- 
nections can be made, as shown inc. Two more conditions must now 
be met. First, terminal four must be connected to states A, B, and C 
when the cell is released and to state C only when it is operated. Asa 
result, one terminal should be common to A, B, and C and one should be 
unique to C. This arrangement is shown in d and e of this figure, and 
the final circuit isshown inf. This network uses 10 springs and does per- 
form the required function. 

Although this assignment technique is a little tricky, it is workable. 
Care must be taken, however, to check the resulting circuit, since very 
few assignments are possible for any given circuit. 

In some cases the complexity of the over-all network can be reduced 
substantially if each cell is constructed with two or more relays, or 
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connection functions specified are between input and output terminals 


variables. To see if the network has actually been simplified, count the 
only. The output matrix for the double cell is 


total number of springs and divide by the number of variables in one cell. 


This gives the average number of springs per variable and is a measure of Toma Output 
the total number of springs required for the network. 

One way to design a double-cell 1 2 3 4 1 2 3. 4 
network would be to design a single 1) 1 0. 0 0 wy’ xy ay ay 
cell, combine two of these single 2) 1 0 0 0 0 y a'y ty 
cells, and try to simplify the result- 3} 1 0 0 0 0 ay’ y O 
ing circuit. A modification of this ales 2 ; 0 60 1 O ay’ O- xy 
would be to examine the two single L]x / - ; 0 1 0 oO 0 
cells and construct a Boolean matrix 2 wt ee ey 0 1 0 0 
for the conditions under which the 3)xey wy y 0 0 0 1 0 

4| sy «wy O xy 0 0 0 1 


inputs are connected to the outputs 
and then to reduce this to a primi- 
tive matrix. The same technique 
can be used in cascading larger 
numbers of cells. 


From the circuit in Fig. 9.7, input terminals one, two, and four are con- 
nected together when z is operated and two and three when z is released. 
If an x is introduced in the I 1-I 2 and I 2-I 4 terms and an z’ in the 





Example 9.3 Design a double- HW 12 13 14 Ol 02 03 04 
cell iterative network using the single cell obtained in Fig. 9.4. : WM} tox 0 Oxy xy xy xy 
Figure 9.7 shows two single cells which can be used to find all the condi- 2) x 1 x x Oy xy x 
tions under which each of the inputs of the first is connected to the various 3) 0 x 1 0 0 xy y oO 
outputs of the second. These connection functions are 140 x O (ff 6 xy 0 xy 
re ee Oljxy’ 0 O 0 1 0 0 0 
eS. 02} xy y xy x 0 1 0 0 
(ae Bs O3| xy xy y 0 0 0 1 0 
aS 04] x (@) 
1-4 = xy xy xy xy 0 0 0 1 
2-1 =0 (a) 
9-2 = a’y' ee ay’ = y’ 
2-3 = zy Tl 12 13 14 O1 02 03 O04 5 6 
12-4 = ay Ny1 x 0 0 0 6 0 0 x 06 
3-1 = 0 12 x ul x! x (e) y’ (0) 0 0 y 
ns 3 |}O x 1 0 0 10} y 0 0 0 
3-2 = xy 4/0 x 0 1 0 0 0 0 0 0 
3-3 = 2’ xy = 
ew eee O10. 0 <6 O° 0 Oe “HR 
02) 0 y O (0) 0 i 0 0 0 0 
4-1 =0 03/0 0 y 0 0 0 1 0 y Oo 
4-2 = 2 04] 0 0 0 0 0 O°) 1 0 x 
4-3 = 0 5|x 0O (one) y O 'y 0 1 (0) 
44 = xy 6;0 © y QO (0) 0 0 Q x 10) 1 
The output matrix for this circuit must have eight rows and eight colum (b) 
Fra. 9.8 


since each double cell has four input and four output terminals. 
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I 2-I 3 term, several of the other terms become redundant and can be ~ 
removed. This matrix is shown in Fig. 9.8a, and the final primitive 
matrix in Fig. 9.8). 

The resulting circuit is shown in Fig. 9.9, along with the simplified 
initial and terminal cells. Since it uses only 16 springs and the two 
single cells would require 22, the double cell is better. 





Fia. 9.9 


A single-cell arrangement that used only ten springs was also given 
for this example. Surprisingly, if two of those cells had been used in 
designing the double cell, one more spring would have been required. 
This means that the simplest single cell may not lead to the simplest 
double cell. Of course, the same is also true for higher order cells. 


9.2 Inverting Level Logic 


Inverting level logic is the form of cascaded level logic which uses 
switching devices with the capability of producing the Boolean operation 
of negation. Transistors are an excellent example of this type of device, 
so they will be used in the following. 

One of the main advantages of this type of logic for cascaded networks 
is that the number of functions to be implemented is considerably reduced, 
For instance, only two output lines out of any cell are enough to specify 
completely any one of four system states. In noninverting level logic, 
four lines are required. 

In the following examples, the standard transistor circuits described 
in Chap. 5 are used to implement the required functions. 

Example 9.4 Design a cascaded transistor network to form the 
remainder of a binary number when divided by three. 

A method was described in Chap. 4 for taking the remainder of & 
number of radix N when divided by N — 1. It amounted to taking 
sum of all the digits in the number, modulo-N — 1. Since in this ¢ 
N is four, each digit consists of a pair of binary bits. Furthermore, 
sum will be one of the three numbers 0, 1, or 2, so that only three sta 
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need to be specified at the output of any cell. In inverting logic, this 
can, of course, be done with two output lines. 

If the modulo-three sum is taken in a cascaded network, a given cell 
will be required to produce one of three output conditions, depending on 
the sum up to the cell and the state of the two bits in the cell. These 
conditions are shown in the chart in Fig. 9.10a, where the input states 
are shown in the left of the chart and the states of the two bits in the cell 
are specified by x and y. If the two input lines are labeled a, and b, and 


the output lines an;1 and bn;1, a new chart can be constructed, as shown 
in Fig. 9.100. 









anb, 


xy’ x’y “xy xy’ 
(b) 


The conditions for an41 and bay: are then 


anb, 





a,b, 





Fig. 9.10 


Ang = a,b,ry' + aybut’'y + and)(x'y! + ay) 
bug = a,b50'y + aiba(a’y’ + cy) + andy’ 


If these functions are mechanized directly in transistor logic, a’, 4, and 
bi, will result. This means that if the previous cell is identical, its 
outputs will be a’, and b’,, which must be inverted to provide the a, and bp 
inputs that are needed. The total number of transistors required is then 
equal to the number of occurrences of variables, 28, plus two for the an 
and b, inverters. 

These functions can be rearranged somewhat to reduce the transistor 
count. For instance, using a,b, as a don’t-care state, 


Angi = a,b,0y’ + an(xy + 2’y’) + dpv’y 
y' (aby + anc’) + y(baa’ + anv) 
abix'y + ba(cy + 2'y’) + ancy’ 
y’ (An& + baw’) + y(aibia’ + dnx) 
As a result, a further saving can be made by generating an intermediate 


function, since a,” + b,x’ appears in both equations. The final network 
is shown in Fig. 9.11 and uses 24 transistors. 


ll 


bn4t 
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In this last example the same general technique was used to define the 
characteristics of the basic network cell as was used for relay networks. 
Here, however, the problem could not have been defined in terms of a 
single cell, so a two-variable cell was considered initially. 

Further problems are those of loading and delay. The delay through 
the network is the delay between the a’, and b’, inputs and the a’,,, and 
bi,,, outputs. Since two inverters and an emitter follower are in series, — 
the delay is 5r, or 2r for each inverter. Clearly an, bn, and f are all 
formed during the first 3r of this interval, and a’,,, and bi,41 in the second 


f ah, by 
SS yt oy re e y+ 
b, a, f f by 


cH bt, 

ah b, 
a, b= , 
ro by 


Fig. 9.11 


interval. If a dclay of 5r per cell is too much, it could be reduced by com- 
bining several cells into a single inverter network. The general manner 
in which this can be done will be demonstrated in the next example. 
Example 9.5 Using transistor level logic, design a binary adder so 
that the delay through two stages is minimized. 
The way two binary numbers are added was described in Chap. 1. 
If two positive binary numbers A and B are to be added, the sum of t 
individual bits can be formed in a cascaded network. The sum for eae 
bit is produced as an output from each cell of the network, and the ca 
is propagated to the next cell. If the nth bits of the numbers are co 
sidered, the sum S, is a function of a, and b, as well as the carry from t 
previous stage Cn1. Cr, is also a function of these same variables, 
These functions are 
Sn = anb).C1_4 + aybnCy_1 + a,b, Cn—-1 + AnbnCn—1 
S = alDaCn—1 + OndgCa—a + GabnCy_1 + qb, Cyaa 
Ch = AnDnCn—-1 + AnbnCy-1 + And). Cn—1 + a) bnCn—1 
= AnDn + (Qn + bn) Cn—1 
Cl, = alBiC'_y + a,D,Cna + AydnCya + anbCn—a 
= a,b, + (a, + 04)Ci-1 
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In a digital computer, arithmetic is performed in an arithmetic unit 
which contains an A and a B register as well as other circuitry. When 
the contents of the A and B register are added, the sum is generally placed 
in the A register, destroying the number which was there before. One 
way to simplify this adder is to generate an output only for those bits of 
A which need to be changed. 

If a* is used to stand for the function which controls the complementing 
of bit an, the sum equations can be rewritten in the following manner: 
First, the equation for S, contains two terms which are multiplied by a, 
and two which are multiplied by a/,. Clearly, if S, and a, are one, no 
complementing signal needs to be generated. Asa result a* is composed 
of those terms in S, which contain a’, and those in 8’, which contain dp. 


a* = a.b,C,_, + aybyCn—1 + Qnbd,Cn—1 + GnbnCi_1 
= baC_. + 0, Cn—-1 


The carry functions are, of course, not changed. 


Cit 





Fig. 9.12 


If this function and C,, are implemented, the network shown in Fig. 9.12 
results. Since the transistor networks are inverting, the negatives of 
the functions are used in constructing the circuits. 

The example called for the network with minimum delay through two 
stages, and this network does not have minimum delay for even one stage. 
The reason for this is that the output of the n — 1 stage was assumed to 
be Cn-1, so that Ci, must be generated in an inverter. The delay 
between the C,,_: and C,, signals is therefore 47. If C,_, were generated as 
the output of the previous stage, the delay of each stage would clearly be 
cut in half. Alternate stages would then produce Ci, Cn, Cuy1, Cn+2, 
and so forth. The a* signal will have a delay of 57 from C’,_,, since an 
emitter follower is required for C’_,. This does not contribute directly 
to the carry propagate time, however, so it need not be considered. 

In order to minimize the delay through a pair of stages, it is necessary 
to generate C,,: from C,., in one inverter. The equation for Cy41 in 
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terms of C, is 


Ca41 = Ont10n41 + (Qn41 + Dat1)Cn 
and CG, = AnDn + (An + ba) Cn—-1 
sO Cat os Ont10n41 + (Qn41 + bn41)[Gndn + (Qn + ba) Cra] 


Again, this must be generated in an inverter network, so the actual circuit 
configuration is obtained from the negative of this function: 


U 


ntl = (a4, + Prt) [Gays nat + (a, + 0, n) (a, bi, + oe) 
a AT + (as + biywlay, bi, + (ai, + BC. 1] 


ll 


This function can be generated by the circuits shown in Fig. 9.13, and 


the total delay of each pair of stages is 27, the minimum possible. In the 


. 
Cn4+3 





Fia. 9.13 


network, the carry is propagated rapidly through the stages n — 1, 
n+1,n-+3,andsoon. The carries generated by these stages are then 
used as the sums and the carries for the intermediate stages. The total 
number of transistors required by the n and n+ 1 stages is nine for 
C41, five for C’,, four for aX, four for a*,,, two for the inverters for Ca 
and C,,-1, and one for an emitter follower for C,_1._ This brings the total 
to 25, an average of 1214 each stage. In the first design, which did not 
minimize delay, a total of eleven transistors was used for each stage, 
The saving in delay has therefore cost one and a half transistors f 
every bit of the binary numbers being added. 
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9.3 Cascaded Pulse Networks 


Standard pulse networks use diode logic and pulse amplifiers and, as a 
result, are not capable of performing the negation operation. A cascaded 
pulse network must produce as many output signals as there are network 
states. The design technique is therefore very much the same as that 
for relays. 

Example 9.6 Design a cascaded pulse network to form the remainder 
of a binary number when divided 
by three. 

This is the same problem as that 
of Example 9.4, except that thisis 4 
in pulse logic instead of transistor 
logic. Since pulse logic is not capa- 
ble of inversion, three inputs and 
outputs are necessary for each cell. 
The chart which was obtained for 
these conditions is redrawn in Fig. 
9.14. If the zero, one, and two 
outputs are labeled, respectively, 
a, b, and c, the functions for the nth stage are 
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an = (a'y! + ty)an—1 + ry’dna + 2’Yen-1 
by = 2 yOn—1 + (a’y’ + ey)bn1 + ry’Cn—-1 
Cn = 2Yy'Ona + e'yda1 + (2'y’ + ry)en—-1 


The a, function, for instance, is obtained by noting the conditions under 
which every zero occurs in the table, remembering that the column at the 
left represents the inputs from the previous stage. 

These functions can be rewritten in three-level form as follows: 


Qn = (2! + y)(@ + yan + ty’Dn-r + 2’YCn—-1 
bn = 2/ydn1 + (2! + y)(e + Ona + ty’Cn—1 
Cn = LY'An—1 + 2'ybna + (a! + y)(@ + Yy’)en-1 


The corresponding circuits are shown in Fig. 9.15 with 48 diodes and three 
pulse amplifiers as compared with 24 transistors in Example 9.4. 

Example 9.7 Using pulse logic, design a binary adder so that the delay 
through two stages is minimized. 

This is the same problem as that given in Example 9.5, with the excep- 
tion that transistor logic was used in that case. The elements which 
introduce the bulk of the delay in pulse logic are the pulse amplifiers, 
so it is again necessary to produce C,,4: from C1 and propagate a high- 
speed carry down alternate stages. 
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The earlier equations were 
C 


The resulting circuit shown in Fig. 9.16 uses 78 diodes and four pulse 
amplifiers, as compared with 25 transistors in Example 9.5. 


Anbn + (Qn + br) Cn—1 


; 2a ! \ : 
Cn Sy ie be ne = Di) Cn-1 Sometimes it is not easy to recognize the simplest form of the algebraic 
an = OnUn-1 nvn—1 


expressions for such a set of functions, so a set of maps like those shown 
Cr41 = On+1Dn41 + (Qn41 + Dn+1) [AnDn + (Qn + br) Cra] 
Cit = On nyt + (CA + bwin, + (a, + b,) Cha] 


In pulse logic it is necessary to produce an output for each of the networ 
conditions, which means in this case that Cn, C,, Cry, and C’,,, are 


a, 
ul 
b, 


Cy-1 





required as outputs. ch 
b, 
b, bast 
Ul 
Ch-1 ot Cn at i 
' In U n+} 
b, baa 


Cn4t 


Another problem is that pulse logic is used to gate pulses. Asa result 
each gating structure must have a pulse input from the preceding sta 
The equations for C, and C’, must then be rewritten. 


C = AnbnC,—-1 + (Gn + bn) Cry 
C. = G,b,Cn—a + (a;, + ¥)C. 4 


The equation for a* needs no modification, but those for Cn,1 and Of 
must be changed as follows: 


Catt = Ony1Dn41 + (Qn41 + bn41)[Andn + (Qn + bn) Cri] 
= OntiOn41 + AnDn(An41 a Bn+1) + (Qn41 + Dntv (An + bn) Cn—1 
This can then be factored on a map to give 
Cay = Gnp1Pnp1C,4 + AnbnC,1(An41 + Dn+1) + OntiCn—1(bn41 + an + by 
+ Bn41Cn1(dn + ba) 
Glia’ + A Oa (A + Bayt) + Gn 1Co-1 Sag + a, +f bi 
+ B41 n-1(Om +0 


The functions for a¥ and axX,, also must be mechanized, and they 


at = bal + Cat 
anes = basic, -++ biases 








Fia. 9.16 


- 

‘Ai in Fig. 9.17 can be used. A separate map is constructed for the functions 
associated with each of the pulse inputs, and the results are combined 
in an or gate. This means that, unless four-level logic is used, only two- 
level zeros factoring or three-level ones covering is acceptable on each 
map. ‘This is because the results of these factorings are fed to a final 


or gate. 
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9.4 Cascaded Dynamic Networks 















The type of networks which have been discussed so far are nor 
associated with static logic as opposed to dynamic logic (5,7). In sta 
logic, the flip-flops consist of two elements which are arranged so t 
when one is on, the other is off. As a result a static flip-flop provides 
output level. In a dynamic system, the logic is performed by gati 
pulses into pulse amplifiers. A flip-flop then consists of a pulse am 
fier driving a delay line which feeds back into the amplifier. All logi 
operations are performed by these pulse amplifiers and the gating s 
tures associated with them. 

A typical dynamic circuit is shown in logical form in Fig. 9.18. 
consists of a diode gating structure and a pulse amplifier which provi 
both a positive and a negative output. These outputs can be used as 
inputs to some other gating structure. But the problem is that the pulsi 
are delayed somewhat by the logical gating and the pulse ampli 
Since the pulses themselves are used for gating, they must be accura’ 
timed. Therefore, a multiphase clock-pulse system is used to 
accurately the inputs to each amplifier. For instance, the inputs to 
pulse amplifier in Fig. 9.18 are timed with clock phase zero. The pul 
amplifier output is delayed from the input so it is then timed by the ni 
clock-pulse phase, CP1, and so forth. 


f=xy+x'y’ 


f'=(x'+y')(x+y) 
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The timing between CP phases is therefore determined by the circuit 
delay, and the number of phases per CP period is determined by the CP 
frequency. Although many different values can be used (depending on 
the circuitry), five phases will be assumed per CP period in the following 
examples and problems. The product of the signals zoy1@2, for instance, 
would produce a result in phase three. Here the zo requires that signal x 
occur at clock phase zero. 

This type of circuit presents the designer with some interesting circuit 
problems, but it can also be an extremely useful logical element as shown 
in the following examples. 

Example 9.8 Design a cascaded dynamic network to form the remain- 
der of a binary number when it is divided by three. 

This is the same problem as that in Examples 9.4 and 9.6, but this time 
it requires dynamic logic. As was mentioned, a dynamic pulse amplifier 
is capable of providing both positive and negative pulse outputs. A 
positive pulse output is, then, just the normal function, and the negative 
pulse output can be considered as representing the negative of that func- 
tion. That is, if gating is performed by the positive pulse levels, the 
positive or normal pulse will be produced when the input gating conditions 
are satisfied and the negative output will be high when they are not. 
The conditions under which these two outputs are high are, then, clearly 
negatives of each other. 

Since dynamic circuits are capable of producing the negation operation, 

Gh 


b, 





CM x 


< x 







=) 


x. 


P< 


“<x. 


<x * << &. 


Fro, 9.19 
















206 SWITCHING CIRCUITS 


only two outputs from the standard cell are required for this exampl 
These outputs are 


a,byry’ + an(a + y’)(x" + y) + bat’y 
abit’y + bala + y')(a’ + y) + ancy’ 


These two networks are shown in Fig. 9.19 and require one phase of dela; 
for every pair of stages of the binary number. 

This assumes, however, that both x and y are available in the sam 
phase, which is not generally true. Often, each stage of a register in a 
dynamic system is one phase later than the preceding stage. In order to 
adjust for this and still use only two pulse amplifiers, one phase of delay 
must be inserted in the z, x’, dn, a, bn, and bi, lines. The total circui 
requirements are, then, two pulse amplifiers, 34 diodes, and six delay lin 
of one phase each. This compares with the requirement for 48 diodes an 
three pulse amplifiers for pulse logic and 24 transistors for the transist 
logic. 

Example 9.9 Using cascaded dynamic logic, design a binary adder s 
that the delay through two stages is minimized. 

This is the same problem as that given in Examples 9.5 and 9.7, bu 
here dynamic logic is used. Again, the equations used for transist 
logic will apply. These are 


Ch = Andn + (Qn + b,)C, —1 

ax b,Ci_, + bv Cn-1 
Cn41 = An+10n+1 + (Qn41 + bn+1) [GnDn + (Qn + bn) Cri] 
af, = Basil! + biC 


There are several additional problems in this example. In order 
minimize delay, C,,1 must be generated from C,_1 in one phase. If 
is to work for a long register, it means that a,_, and an;1 can differ 
only one phase. Therefore @n, Gn41, bn, and bn: must all be at the sa 
phase. 

The second problem is concerned with the nature of a dynamic flip-fl 
Since this is merely a pulse amplifier with feedback through a delay lin 
it is clear that it can be set only to one or zero but not complement 
This means that S, and S; must be produced and used to clear or set 


S, = an0,C1_, + afbeC,_, + ab. Cr-1 + anbaCana 
Si, = GabnCa—1 + GnbuCn—1 + Gaba’, + anbiC'_, 


An+1 


Dn41 


If these functions are used to set or clear an, they can be simplified so 
what by realizing that S,, need only set a, to a one when it is not alr 
aone. This is indicated in Fig. 9.20 by crossing off those conditions 
the set map where a, is already one, The second map is again of S,, 
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here the terms are factored which hold a, in the one state if it is already 
aone. The resulting set function is 


Sn = anb,Ca—1 + anbrCh_y 
al (Dn + Cn—1) (bh + CE) 


The clear signal must inhibit the passage of the a, pulse to clear the flip- 
flop. The conditions which must be implemented are those under which 





Fie. 9.20 a. Set. 0b. Hold. 
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it is not cleared; when it is, the hold conditions are 


H,, = i 5 Sia + Anbr»Cn—1 
An(b, + Cn—1)(bn + Cha) 


The set and hold portions of the a, flip-flop are shown in Fig. 9.21. 
Here, a, is assumed to be at phase zero, so all the gating inputs must be 
at phase four. Asa result, bn, b,, Cn—1, and c,,_, would all require a four- 
phase delay line. . 

The circuit for C, can be implemented directly from the equation, as 
shown in Fig. 9.22. Here no input delay lines are required and the out- 
puts are at phase one, 

The equation for C41. must be reduced to three-level form before it can 








208 SWITCHING CIRCUITS 


be implemented. This is done by multiplying the equation out ¢ 
pletely and then factoring it on a five-variable map. 


Ca+1 saad Any10n41 abs (Qn41 + bn+1) [Anda + (Gn + bn) Cri 
On410n41 cap An41Andn + bn410ndn + On410nCn—1 
~4- Ons10nCn—1 + bn410nCn—1 + DnpibnCn—1 


The map for this function is shown in Fig. 9.23, and factors to 
Ca+1 = On+i0n41 + Ondn(An41 + ba+1) + Cc. —1(An41 + bn41) (Gn + bn) 


This could also have been obtained directly from the above equation, 
it is usually worthwhile to check on a map to see if the best factoring 





Fig. 9.22 
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been obtained. Figure 9.24 shows the circuit for this function, a 
produces C41 at phase one, only one phase later than C,1. T 
clearly the minimum delay possible if carry is generated every two 8 
The circuits for an41 are the same as those for a,, except that the in 
are On41, bny1, and C,. The first two are again at phase zero a 
require four phases of delay. The total equipment requires eight 
diodes and a pulse amplifier for C,,; 17 logic diodes and a pulse am 
for Cn41; 16 extra logic diodes, one pulse amplifier, and five extra 
lines for an; and the same for da41. The total is then 57 logic diod 
delay lines, and two pulse amplifiers with 25 transistors or 78 diodes 
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four pulse amplifiers for the same function using transistor or pulse logic, 
respectively. 

The set and hold functions for a,41 could be implemented directly from 
C,-1 without the use of a pulse amplifier for C,. This would then require 
71 logic diodes and three pulse amplifiers. 


Cn4t 


, 
Cn4t 
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9.5 Summary 


There are many types of cascaded networks, and each requires a some- 
what different approach. The choice of the best type for a particular 
application depends on a great many factors, not the least of which is the 
designer’s familiarity with the advantages and disadvantages of each. 

Relay networks have the advantage of requiring no circuit design and 
being able to carry high power. Their principal disadvantage is the long 
operate and release times of relays. They are therefore usually more 
suitable for power supply switching and control. 

Transistor logic generally requires the fewest number of logical elements 
and is directly compatible with other transistor circuits. The problems 
are that these devices have fairly limited load driving capability and are 
expensive, at least for high-speed applications. 

Standard pulse logic uses diodes, which are relatively inexpensive, and 
is essentially as fast as the pulse amplifier circuit. The principal dis- 
advantage is that the number of pulse lines must equal the number of 
system states because the basic circuits are not capable of performing the 
inversion operation. Since vacuum-tube pulse amplifiers can be designed 
to introduce a very small delay, this type of circuitry has been a common 
choice for high-speed parallel vacuum-tube computers. 

Dynamic circuits also use diodes but are capable of negation, so they 
can be used to reduce significantly the amount of circuitry over standard 
pulse logic. The pulses in dynamic circuits, however, must be accurately 
timed, so that the circuit delay is generally more than in the case of pulse 
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or transistor logic. Dynamic circuits are therefore particularly suited 
serial-binary computers or serial-parallel decimal machines. 

Cascaded networks form an essential part of most parallel compute 
Because they can be used to generate various arithmetic operations as w 
as various checking functions, they are frequently the only practic 
means of performing a logical operation. 


PROBLEMS 


9.1 Design a single-cell iterative relay network which is closed except when t 
adjacent cells are operated. Show the standard cell as well as all initial and termi 
cells which can be simplified. 

9.2 Design a single-cell iterative relay network which is closed when an odd n 
ber of relays are operated but none of them are adjacent. Show the standard cell 
well as all initial and terminal cells which can be simplified. 

9.3 Design a single-cell iterative relay network which is closed except when 
two operated groups are separated by only one released relay. Show the stan 
cell as well as all initial and terminal cells which can be simplified. 

9.4 Design a single-cell iterative relay network which is closed only if the 
operated group contains an odd number of cells, the second an even number, 
third an odd number, and so forth. The network is to be open when no relays 
operated. Draw the standard cell as well as all initial and terminal cells which can 
simplified. 

9.5 Design a double-cell iterative relay network for the conditions of Prob. 9, 
Draw a standard cell. 

9.6 Design a double-cell iterative relay network for the conditions of Prob. 9, 
Draw a standard cell. 

9.7 By assigning combinations of terminals to states, design a standard cell 
Prob. 9.1 which uses four springs. 

9.8 Design a single-cell iterative relay network which is closed whenever 
operated group is separated by only one released cell. Whenever more than one 
is released, all the remaining cells must be released in order to obtain an output. 
assigning combinations of terminals to states, design a single cell which uses no 
than five springs. Show the standard cell as well as the initial and terminal cells w 
can be simplified. 

9.9 Design a single-cell transistor cascaded network to generate a high out 
level whenever there are an odd number of ones in a binary number. Show 
adjacent cells. 

9.10 Design a single-cell transistor cascaded network to generate a high out 
level whenever two binary numbers are identical or differ in fewer than three b 
Show two adjacent cells. 

9.11 Design a double-cell transistor network for Prob. 9.9, and minimize 
delay through each cell. Show two adjacent cells. 

9.12 Design a transistor network to subtract a positive binary number B from 
larger positive binary number A, leaving the result in A. Minimize the delay th 
two stages, and show four adjacent stages. 

9.13 Design a single-cell transistor network to form the sum of three po: 
binary numbers z, y, and z, leaving the result in z. Show two adjacent cells, and 
not use transistor structures which are more than either four transistors high 
four wide. 
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9.14 Design a single-cell pulse network to subtract a positive binary number B 
from a larger positive binary number 4A, leaving the result in B. Three-level logic 
can be used. 

9.15 Design a single-cell pulse network to determine whether two binary numbers 
azand y differ in three or more bits or in two or less. 

9.16 Design a single-cell pulse network to form xz + y — 2, where z, y, and z are 
positive binary numbers and z + y is always larger than z. The result is to be left 
in the z register, and three-level logic should be used to minimize the number of 
diodes required. 

9.17 Draw a dynamic circuit to generate the function (cy + z)(w +), where x 
and v are at phase one and y, w, and z at phase two. Use or-and-or logic. 

9.18 Design a triple-cell cascaded dynamic circuit to give an output when a 
binary number contains an odd number of ones. Each stage is one phase later than 
the preceding one. Use or-and-or logic. 

9.19 Design a single-cell cascaded dynamic circuit to form x — y — z, where x is 
larger than y + zand a, y, and z are all positive binary numbers. The carry must be 
generated in one phase, using or-and-or logic. Leave the result in 2, and show the a 
flip-flop. Assume a five-phase system. 

9.20 Design a single-cell dynamic network to form either + y or x — y, depend- 
ing on whether a signal A is one or zero, respectively. The result is left in the x 
flip-flop. The binary numbers z and y are both positive, and z is larger than y. 
Use or-and-or logic, and show the =z flip-flop. Assume that signal A is available at 
phase one and a five-phase clock is used. 


CHAPTER 10 


SEQUENTIAL CIRCUITS 




















The types of circuits that have been considered in the earlier chap 
have all been combinational circuits, that is, circuits where the out; 
depends only on the particular input combination which is present. 
sequential circuit is one which contains some memory elements, so 
the output at a given instant could depend, not only on the input at 
instant, but on the entire input history of the circuit. Suppose t 
particular box contained a combinational circuit and the problem w: 
determine its function by performing experiments on it. If it 
input terminals, all 2" input combinations could be tried and the out 
listed. This could then provide the desired answer. If, however, 
box contained a sequential circuit, it might not be possible to define 
performance completely. 

The reason for this is that a sequential circuit contains flip-flo 
relays which themselves affect the circuit performance. The out 
from a sequential circuit, then, depend on both the inputs and the in 
state of the circuit. Likewise, the next internal state of the ¢ 
depends on the input and the previous internal state. This internal 
was similarly caused by an input combination and the state before, 
this way a sequential circuit can be said to have memory, and its out) 
are not determined just by the present input but by a whole sequen 
inputs. 

The design problem with sequential circuits is somewhat more 
plicated than in the case of combinational circuits, since the circuit 
formance must be specified for all the possible sequences of inputs and 
required combinational circuits must then still be designed. 

This chapter starts with the problem of specifying the sequential 
formance of the circuit by a method devised by Mealy (18). 
done by using what are called state diagrams. After showing how 
diagrams are produced and simplified, comes the most difficult part of 
synthesis problem. This is called assignment and is the process by 
particular binary states of the internal flip-flops are assigned to each 


required sequential states of the system. It is a simple job to 
212 
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assignment, but it is often extremely difficult to make the best assign- 
ment or even a very good one. The decision as to which assignment 
is better than another is determined entirely by the number of parts 
required. A poor assignment could well use twice as many parts as were 
really necessary. 

Unfortunately, there is no simple procedure that can be used in selecting 
the best assignment, but a method will be discussed which can be of some 
help. 

The sequential circuits discussed here are all of the synchronous type. 
That is, they are all driven by a clock pulse or a source of signals which 
controls the time at which the flip-flops may change state. In this way 
the internal flip-flops and the input, which is synchronized with the clock, 
determine the state to which the system is to go at the time of the next 
clock pulse. Similarly, the output is determined by the present input 
and the next system state. 

The study of asynchronous and relay sequential circuits will not be 
discussed here, since these can be considered as special cases of syn- 
chronous circuits (11, 12). 

Design procedures for sequential circuits become very complicated, 
particularly if the number of flip-flops is more than four or five. For this 
reason, it is often wise to examine first the circuit specification and see 
if it leads directly to a particular type of arrangement. Shift registers 
and counters, for instance, are such arrangements. 

If such a circuit is suggested by the specifications, it is wise to design 
it first, then see how efficient it is. This is done by finding the total 
number of states that the system requires and comparing this with the 
number of flip-flops. For flip-flops, the maximum possible number of 
system states is 2". If the actual number of states is equal to or less than 
half this number, one or more extra flip-flops are used. It might then be 
worthwhile to design a sequential circuit with the techniques given in 
this chapter. 


10.1 Sequential Circuit Analysis 


With this general idea of what a sequential circuit is, the next step is 
to examine one and see how it works. The circuit in Fig. 10.1 consists of 
the three flip-flops x, y, and z and the input w and w’. This input 
together with the outputs from the three flip-flops are combined in the 
various gating networks. A clock pulse, CP, is also shown, and this is 
used to change the states of the flip-flops at regular intervals. 

Although this circuit does not look very complicated, its operation is 
by no means immediately obvious. As a first step in the analysis of such 
a sequential circuit, it is usually wise to examine the output conditions. 
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These are given by the gate at the bottom of the figure and are The next step is to start with the circuit in state 101, or zy’z, and see 


what the next state is. Since z is already a one, the fo(x) function should 
be examined to see if it is changed to zero. The condition is y’, which is 
satisfied by zy’z, regardless of the input, so x is zero in the next state. 
In state 101, y starts as zero, so fi(y) is examined and y is seen to be 
unchanged, or zero, in the next state. For z, fo(z) is examined, and z is 
found to be zero in the next state. As a result, the next state after 101 
is 000, whether the input is w or w’. This is considered as the initial 
state for the network. 

The circuit operation is next traced through with the aid of a state 
diagram, starting with state 000. Figure 10.2 shows such a diagram, and 


Output = way’z 





When the flip-flops are in state 101 (ry’z) and the input is high, 
output pulse will be generated. This is clearly the only way that an ow 
put can be produced. Since this is the only state which will give an ow 
put, it is probably the final state in some operating sequence and t 
system is probably next reset to some initial state. In order to simplif, 
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i it is constructed by examining each state and determining the next state 
w for each of the conditions of the w input. A circle is drawn and labeled 


—_—_ 
F Inputs 


WE ee 


Fig. 10.1 


to represent each new state. Twoarrows lead to the next states, and these 
arrows are labeled with a one or a zero to indicate the input condition 
under which the appropriate transition occurs. 

To find the state that the system is in after the zero transition, the 
filx), fily), and fi(z) functions are examined to see which flip-flop is 
changed to one under condition w’zx’y’z’. Clearly x and z are left zero, 
and y is changed to one, so the next state is 010. After this state is 
identified, the situation for w a one is examined, namely, wz'y’z’. In this 
case only x remains zero and y and z are changed to one. This process is 
continued until all the states return to the initial state 000. 

Several of the circles contain the same numbers, which means that 
they represent the same physical state of the system. These cases are 


the analysis, it is desirable to start with this initial state and then foll 
the circuit through its operating cycle. 

The process of finding this initial state starts with a study of the con 
tions under which each of the flip-flops are set to one or zero. The 
ditions under which z is set to one or zero are specified by f1(x) and fo(4 
for instance. A total of six such conditions is required, and they are 


fil) =y fo(x) = y’ 
fily) = 2’ Soy) = % 
Sil2) = wale’ —fo(z) = 2(w + y’) 
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joined together by dotted lines. The state diagram can then be re 
to get rid of many of these dotted lines, as shown in Fig. 10.3. 
one additional piece of information has been added, namely, the condi 
under which an output is produced. Since the circuit provides an ow 
only under condition wxy'z, an output will be obtained if the syste 
in state 101 with an input of one. This is indicated by the 1/1 on 
arrow out of state 101. Here the top number indicates the input w. 
causes the transition, and the second number indicates the output. 
no other transitions give an output, they are all designated by 0/0, 
or 1, 0/0. The latter case is used to indicate a transition which 
regardless of the input. 








ad 





Fie. 10.3 


The state diagram can now be used to find the sequence of inputs 
will give an output. In order to get an output, the system must get 
state 000 to state 101 and then have an input of one. This is possible: 
with the input sequences 0-1-0 and 1-0-0. An output is th 
obtained if the circuit receives either of the two input sequences 0-1 
1-0-0-1, since an input of one is necessary in order to produce an 
at the last transition. 

It should be emphasized at this point that the state diagram is p 
symbolic way of representing the circuit. It is, so to speak, m 
statement of the design problem. 

The process by which such a circuit is analyzed consists of the f 
steps: 
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1. Obtain the algebraic conditions under which each flip-flop is set 
to a one and to a zero. 

2. Examine the output conditions to determine the best initial state. 
This is done by finding the states that can produce an output and seeing 
if they all lead to the same next state. If they do, this is the best initial 
state; if they do not, any state can be used as a starting point. 

3. Starting with the initial state selected in step 2, construct the state 
diagram. This is done by examining the fo and /; functions to see which 
flip-flops are set to different states under the conditions of the present 
state and input. If no initial state was found, all the possible system 
states must be examined for their next states. 

4. The state diagram should next be redrawn to remove states that 
occur twice. Often it is convenient to draw the initial state twice, but 
this should be indicated with a dotted line to avoid confusion. 

5. The output conditions are inserted by noting the states and input 
conditions which cause outputs and marking them with a one under a 
diagonal slash. All other transitions are marked with a zero under the 
slash. 

6. The state diagram may then be examined to find the conditions 
under which the circuit provides an output. 


10.2 State Diagrams 


The method used to design sequential circuits is in many ways just 
the reverse of that used for their analysis. Starting with a statement of 
the output conditions, a state diagram is constructed. It is next simpli- 
fied, and a flip-flop state is assigned to each of the system states. Asa 
result of this assignment, the functions f; and fy can be specified for each 
flip-flop and the gating structures designed. This section shows how 
state diagrams can be constructed and describes the techniques for their 
simplification. 

The process of constructing the state diagram starts with the deter- 
mination of the input sequences which are supposed to result in an out- 
put. The next step is to select some initial state. Often the problem 
statement makes this obvious, but sometimes an arbitrary choice of the 
possible system states is necessary. This first state is drawn as a circle 
and labeled with a one. Starting in state one, the first input pulse will 
be either a one or a zero, and in each case the system will change from 
state one to some new state. These two new states are labeled two and 
three, and the arrow from state one to each of these new states is labeled 
with a one or a zero, depending on the input which caused the transition. 
The system must undergo a transition for each input pulse period, so that 
new states are usually added to the diagram for each step of the input 
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sequence. ‘This process is continued until all the final set of states return 
to some state which is already in the diagram. In many cases, all th 
final states return to the initial state and the process repeats. These are 
the simplest state diagrams to construct, not because the initial state is 
usually obvious, but because the system goes through a closed cycle of 
fixed length. More complicated state diagrams may have several closed 
cycles of varying lengths and often do not have any state which could 
logically be called an initial state. 

To show how state diagrams are formed, one is constructed for a circuit 
which will produce an output pulse for the input sequences 0-1-0-1 and 





Fia. 10.4 


1-0-0-1. The system is to return to the initial state and start the cy 
again every four input pulse periods. 

An initial state is assumed and called one. Starting in this state, if 
of the above four pulse sequences are received, the fourth transition 
return the system to state one and produce an output. Even if one 
these sequences is not received, however, the system is to return to sta 
one every fourth pulse period. 

Starting in state one in Fig. 10.4, an input of zero takes the system 
state two and an input of one to state three. Both of these states 
lead eventually to an output, since the sequences 0101 and 1001 start wi 
zero in one case and one in the other. From state two, a one input lh 
to state four and a zero input to state five. At this point it is possible 
simplify the diagram somewhat while it is being drawn. This can be 
because as soon as a state is reached which cannot lead to an output, 
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that is necessary is to count up to four pulse periods before returning to 
state one. Whenever a transition leads to a state which cannot produce 
an output, it can go to the appropriate state in this counting chain. A 
one input in state three, for instance, can also lead to state five, since no 
output could result from the input sequence 11. A zero input, however, 
leads to state six. 

The third input may then find the system in state four, five, or six. 
If it is in state four, the sequence to this point would have been 01, so 
that another zero would mean that an output could still result. If a one 
were the input, no output could occur, so the system goes to state eight. 

State five cannot lead to an output, no matter what the third input is, 
so it will go to state eight with either a zero or a one input. State six is 
the result of the sequence 10, so that a one should cause a transition to 
state eight and a zero to a new ninth state. 

After three pulse periods the system may be left in state seven, eight, 
or nine. State seven is reached through the sequence 010, and state nine 
through the sequence 100. Eight is reached by any of the other six 
possible three period sequences. Since an output is produced after the 
sequences 0101 and 1001, both states seven and nine will cause an output 
if there isa one input. This is indicated by the 1/1 designation. These 
three states are shown returning to state one as required. 

Now that the state diagram has been constructed, the next step is to 
examine it and see if it can be reduced. This can be done most easily 
with the aid of a tabular listing of the states, transitions, and outputs. 
The table is constructed by first writing down all the states in one column, 
then, in the next two columns, listing the states to which each state goes 
with a zero and a oneinput. These columns are labeled next states, with 
heading zero for a zero input and one for a one input, as shown in Table 




















10.1. This table also lists the output from the circuit for each transition. 
TasieE 10.1 
Next state Output 
Present state 

0 1 0 1 

1 2 3 0 0 

2 5 4 0 0 

3 6 5 0 0 

4 7 8 0 0 

5 8 8 0 0 

6 9 8 0 0 

7 1 1 0 1 

8 1 1 0 0 

9 1 1 0 1 
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The state diagram is simplified by finding states which always give 
same output, regardless of the input sequence. It is clear, then, t 
two states cannot be considered the same unless their output entries 
identical. If two states give the same outputs and also go to the sai 
next states, they can be considered as one state and given the same num 
everywhere they occur in the table. 

An easy way to locate redundant states is to examine the table 
locate identical rows. In Table 10.1, row seven and row nine are t 
same, so that they can be replaced by one state. This is done by crossi 
out row nine and replacing nine with seven everywhere it occurs in t 
table. This new table is shown in Table 10.2.° Again the table 


















TaB.e 10.2 
Next state Output 
Present state 

0 1 0 1 
1 2 3 0 0 
2 5 4 0 0 
3 6 5 0 0 
4 7 8 0 0 
5 8 8 0 0 
6 7 8 0 0 
7 1 1 0 1 
8 1 1 0 0 





examined, and rows four and six are found to be identical. State six 
removed in the same way, yielding Table 10.3 as the final result. 


TaBLe 10.3 





! Next state Output 
Present state 





process has resulted in the removal of two states, and this table can 
used to construct the simplified state diagram shown in Fig. 10.5, 


SEQUENTIAL CIRCUITS 221 


The sequence of states can be traced with the aid of this diagram, 
showing that the input sequence 0101 results in an output of one, after 
the following transitions: 


1 274 eR 
An input sequence of 1001 also causes an output, but after the states 
1 38y4ng7e4 


So far a somewhat specialized case of sequential circuits has been dis- 
cussed, namely, the one where the input is a fixed number of pulse periods 
and the circuit always returns to the initial state at the last period. This 


me mee 


~. 





Fig. 10.5 


type of circuit is characterized by two properties which can be recognized 
fairly easily on the state diagram because there is a particular initial state, 
and a fixed number of transitions always returns the system to this state. 

A second type of system is one which still has an initial state but which 
does not have a fixed cycle. There may be several cycles of different 
length, but they all return to the same initial state. Every loop from a 
state back to itself must then pass through the initial state. 

The third class of circuit which is of interest is one in which no one 
state can be identified as an initial state. In this case there may be one 
or more intermediate feedback loops for any of the states and the system 
may contain many possible internal cycles of different durations. 

The following example describes a circuit of the second type. Ithasa 
recognizable initial state but does not have a fixed cycle length. 
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Example 10.1 Construct a minimum state diagram for a circuit whi 
will give an output for every group of five pulses that contains exac 


three ones as long as the group starts with two ones. After each grou 


which starts with two ones, analysis of the next train will not start un 
the end of this group of five, whether it provides an output or not. 


0/0 


ee ee ee ae ee ee ee ee ee 





As the problem is stated, if the pulse train 11011010 were to enter 
circuit, no output would be given, whereas the train 10011010 wo 
provide an output at the end. 

It is clear that the circuit must remain in its initial state until a o 
arrives, and this one must then be followed by another. If it is not, 

















TaBLe 10.4 
Next state Output 

0 1 0 1 
1 1 2 0 0 
2 1 3 0 0 
3 5 4 0 0 
4 6 7 0 0 
5 8 9 0 0 
6 1 1 1 0 
7 1 1 0 0 
8 sf 1 0 1 
9 1 1 1 0 
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system must again return to the initial state and repeat these cycles until 
two successive ones are detected. At this time, the circuit goes through 
a new cycle to see if the following three pulses contain a single one. 

The resulting state diagram is shown in Fig. 10.6, and the transition 
table is shown in Table 10.4. A first examination of this table shows that 


ee 





Fia. 10.7 


states six and nine are really the same, so row nine is crossed off and the 
other nine in the table is replaced with a six. The resulting transition 
table is fully reduced and is shown in Table 10.5. The final state diagram 
is shown in Fig. 10.7. 











Taste 10.5 

Next state Output 

0 1 0 1 

1 1 2 0 0 
2 1 3 0 0 
3 5 4 0 0 
4 6 7 0 0 
5 8 6 0 0 
6 1 1 1 0 
7 1 1 0 0 
8 1 ] 0 1 
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The following example shows how a state diagram with no initial sta 
can be obtained. 
Example 10.2 Draw the simplest state diagram for a sequenti 
circuit which will give an output whenever the last four inputs are t 

binary numbers 3, 6, 7, 11, or 15. 
Tasie 10.6 





Next state Output 


0 1 0 1 








0 000 0 1 0 0 
1 001 2 3 0 1 
2 010 4 5 0 0 
3 O11 6 7 1 1 
4 100 0 1 0 0 
5 101 2 3 0 1 
6 110 4 5 0 0 
ii 111 6 7 0 1 








This circuit has no initial state, because it is always to decide wheth 
or not to produce an output based on the last four inputs. For instan 
if the last four inputs were 0011, a one output would be produced at 
second input one. If the next input is a zero, the most recent four inpw 
would be 0110, or binary six, again calling for an output. If this 
input were a one, the sequence wo 





Next state Output : 
5 . e 0111, or binary seven, which 
produces an output. 
oH) | 0 0 Before drawing a state diagram, it 
u 20 3 0 | often wise to see first if the ini 
2 | 40 ol 0 0 number of states can be deduced frot 
3 | £0 7 U | the problem statement. In this ¢ 
A} 0 1 0, © there are 16 possible conditions of 
& | 20 3 0 1 circuit, representing the 16 diffe 
& | 40 af 0 © four-bit binary numbers. Since 
7 | £0 7 0 1 circuit is to produce an output b 
Fig. 10.8 


on the four most recent inputs, 
present input is involved. As a result, only the three previous inpu 
must be remembered. 

If eight states are taken as the starting point, a transition table can 
constructed immediately, asin Table 10.6. Here state zero represents 
condition of the circuit following an input sequence of three zeros. 
the next input is a zero, the circuit will clearly stay in state zero, or if it 
a one, it will go to state one. In these cases the most recent four inp 
pulses were 0000 and 0001, respectively, so that no output is produ 
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Starting in state one, a zero input means that the last four inputs were 
0010, which should not produce an output and should lead to next state 
two. A one input would give the sequence 0011, which provides an 
output and leads to next state three. The entire table is constructed in 
this way, and the resulting next state entries are arranged in a very 
systematic manner. 


0/0 1/1 





1/1 
Fia. 10.9 


The simplification process for this transition table is shown in Fig. 10.8. 
Starting with row zero, the other rows are examined to see if any are 
identical. Since row four is the same as row zero, it is crossed off and the 
other fours in the table are replaced by zero. Next, one and five are 
identical, so that five is crossed off and the five entries are replaced by one. 
As a result, both two and six can be replaced by zero, yielding Table 10.7 
and the state diagram of Fig. 10.9. 











Tase 10.7 
Next state Output 
0 1 0 1 
0 0 1 0 0 
1 0 3 0 1 
3 0 7 1 1 
7 0 | 7 0 1 


10.3 Special Reductions 


A somewhat different reduction procedure is often required for state 
diagrams which do not have an initial state to which all cycles return 
directly. 





226 SWITCHING CIRCUITS 


The circuit shown in Fig. 10.10 is one which contains no recogniza 
initial state, and its transition table is shown in Table 10.8. Exami 
tion of this table for identical rows indicates that no states can be remov 











TaBLe 10.8 
Next state Output 
0 ni 0 1 
1 4 2 0 1 
2 5 3 0 0 
3 4 2 0 0 
4 1 5 0 af 
5 2 6 0 0 
6 1 5 0 0 











In order to simplify circuits of this type, it is important to consider 

what it means to have states which are different. If the circuit is ¢ 
sidered as contained in a closed box, its performance can be measure 
only in terms of its response to various inputs, and this response can 
determined only by considering whether the circuit provides outputs 
not. This means that two states are truly identical if there is no sequ 
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of inputs for which the circuit will give different outputs when sta 
from either state (19). 

The analysis of every pair of states in a circuit to see if they would yi 
different outputs for any possible input sequence would be a long 
tedious procedure. Fortunately, a method has been developed by M 
(18) which makes this process relatively simple. 

First, the states are divided into different classes, depending on 
output entries in the transition table. That is, two states belong to 
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same class if they have the same output entries. For Table 10.8, these 
classes are 
A(1,4) B(2,3,5,6) 


Next a new transition table is constructed and the designation A or 
B is entered in the column labeled output class. Also, the pair of next- 
class columns are entered in the table which contains the class of the next 
state. This new table is shown in Table 10.9. For instance, state one 

















TasBie 10.9 
Next state Output Next class 
~ | class | 
0 1 0 1 
1 4 2 A A B 
2 5 3 B B B 
3 4 2 B A B 
4 1 5 A A B 
5 2 6 B B B 
6 at 5 B A B 





has next states of four and two. Since state four is in class A and two in 
class B, the next-class entries for state one are A and B, respectively. 

This table is next examined to see if all members of each class have the 
same next-class entries. For every member of each class which is dif- 
ferent, a new class must be formed. For instance, states two and five 
are in class B with next-class entries of B—B, while three and six are also 
in B but have next-class entries of A—B. If states three and six are 
called class C, every next-class entry which corresponds to a three or 
six in the next-state columns must be changed from B to C. This now 
results in Table 10.10. 














TaBLe 10.10 
Next state Output Next class 

class 
0 1 1 
1 4 2 A A B 
2 5 3 B B C 
3 4 2 Cc A B 
4 1 5 A A B 
5 2 6 B B Cc 
6 1 5 Cc A B 











This process is repeated until all members of each output class have 
identical next-class entries. In Table 10.10, this situation has already 
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Tasie 10.11 





Next state Output 


0 1 0 1 


One 
bo 
w 
Oo 


1 
0 
0 





been reached. The final transition table is then constructed of o 
member from each class. Class A, for instance, contains states one a 
four, so state four could be crossed off and ev 
remaining four replaced by a one. Hither sta 
could, of course, be crossed off as long as the ot 
is left. If Table 10.10 is completely reduced 
this way, Table 10.11 and the state diagram 
Fig. 10.11 result. 

This reduction procedure is slightly more co 
plicated than the one first discussed, but it is ofte 
necessary for circuits which do not have an ini 
state. It is not necessary, however, in those ¢ 
which have an initial state. 

Fie. 10.11 Example 10.3 Starting with the state dia; 
in Fig. 10.12, construct and simplify the transiti 
table and then draw a simplified state diagram. 








Fic. 10.12 
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The initial transition table is given in Table 10.12 and confains no 
identical rows. 


TaBLe 10.12 


Next state Output 

















0 1 0 1 
1 2 8 0 0 
2 5 3 0 1 
3 4 6 0 0 
4 7 1 0 1 
5 1 8 0 0 
6 5 2 1 1 
7 3 6 0 0 
8 7 4 1 1 








Examination of this table shows that there are only three output 
classes. A new table is constructed as in Fig. 10.13, and these classes 
are inserted in place of the next-state entries. For instance, state one 
has next-state entries two and eight for a zero and a one input, respec- 
tively. Under the Output class column, a B is entered for two and aC 
for eight, so the next-class entries for state one are B and C. The other 
entries are made in the same way. 





Next class 





Next state Output Output class 















11) 2, <3 o o|] A BOC 
2| 5 3 o 1] .B AD A 
31 4 6 0 o|] A hk -< 
7 a o 11] .B AD A 
5| 1 8 0 of] «AD A Oe 
6| 5 2 1 Pik 36 AD B 
7/3 6 0 o| AD m1 
8| 7 4 1 in eee AD B 
Fra. 10.13 


After all the original entries are made in the table, all states belonging 
to class A are examined to see if they have the same next-class entries. 
The states belonging to class A are 1, 3, 5, and 7. One and three have 
B-C while five and seven have A-C as next classes. Therefore, five and 
seven must belong to a new class D. The letter D is then inserted in 
the next-class columns in every place where a five or seven appears in 
the next-state columns. The class entries for states five and seven are 
also changed to D. There are now four classes: A, B, C, and D. All 
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states Belonging to a each class have identical next-class entries, whie 
means that the reduction process is complete. 


TaBLeE 10.14 


Next state Output 


0 


a 
o 


1 
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Fia. 10.14 ray, ; : 
1a seven. Whenever the system is in state eight, the input sequence must 


have been 1100, since there is no other path from one to eight. As a 


The final transition table can be constructed by using one state for ea as : . 
result, whenever the system is in state eight, the following input must be 


class. Actually, it is just as simple to use the class designations the 
selves for the new states, as the Table 10.13. The final state diagram 
shown in Fig. 10.14. 


Taste 10.13 





Next state Output 











10.4 Don’t-care Conditions 


ee eee 


In designing switching circuits, don’t-care conditions can be very u 
in achieving a complete circuit reduction. In sequential circuits th 
may be restrictions on the circuitry which provides the inputs, so 
some sequences will not occur. These conditions should be recogni 
and used to best advantage wherever possible. 

For instance, suppose that in Example 10.1 the input sequences 11 
and 11111 were impossible. Could the final state diagram be furt 
reduced? The original state diagram is shown in Fig. 10.15, and 
transition table is shown in Table 10.14. The state diagram is 
examined in order to find the states that result from the input seque 
1100 and 1111. The former leads to state eight, and the latter to s 





Fia. 10.15 


a one, since otherwise the impossible sequence 11000 would result. Simi- 
larly, the input in state seven must be a zero, or the input sequence 
would have been 11111. These forbidden transitions are then left blank, 
as the Table 10.15. 

When the table is examined to find rows which can be merged, any- 








232 SWITCHING CIRCUITS 


TaBiE 10.15 





Next state Output 


| 














ooooco 
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thing can be substituted for a blank entry, since that transition will ne 
occur. On this basis then, state seven can be merged with one, two, 
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eight. State eight, however, can be merged only with seven. If 
and one are merged, Table 10.16 and the state diagram in Fig. 10, 
result. 





SEQUENTIAL CIRCUITS 233 





Taste 10.16 
Next state Output 
0 1 0 0 


-_reooooo 
reoocoooo 
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Often there are several possible ways to merge transition tables which 
have don’t-care conditions. Since different numbers of states may result 
in each case, the alternatives should be tried. Exactly the same proce- 
dure can be used for don’t-care conditions in making a reduction with 
output classes. In this case, the impossible conditions are left blank 
and the best output class selections made after the rest of the table has 
been simplified. 


10.5 State Assignment 


The process of assigning particular binary flip-flop configurations to the 
states of a sequential circuit is called state assignment. This is the most 
difficult and also most important part of the design of a sequential circuit, 
because a poor assignment selection may result in gating circuitry which 
uses several times as many gating elements as are really necessary. 
Unfortunately, there is no simple procedure which can be used to arrive 
at the best assignment, but a method will be described which leads directly 
to a moderately good initial assignment. Following this, it is possible 
to modify the assignment to improve it somewhat. Although there is no 
way of knowing if the result is as good as possible, it is often good enough 
to be acceptable. 

The general assignment process consists of assigning binary flip-flop 
configurations to each state of a state diagram. The transition table is 
then examined to determine the conditions under which each flip-flop is 
set to a one or a zero. The information required for this is the input 
and present state which leads to each next state, and this is all available 
from the transition table. Then the output conditions are examined 
and the output gating function determined. 

This process is not too complicated, and it might be suggested that it 
be repeated for all possible assignments until the best one is found. 


ee ee ee 
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The problem is, however, that there are a very large number of possible 
assignments, even for a very simple circuit. For instance, if there are 
eight states, there are 8!, or 40,320, possible assignments for a simple 
circuit using three flip-flops. 

This number can be reduced somewhat if the binary nature of the cir- 
cuits is considered. For instance, the output of the x flip-flop would be 
used to drive the x inputs of the gates, and the zero output would be used 
for the x’ inputs. The assignment could be changed by priming every # 
and unpriming every x’ by merely reversing the leads on the zx flip-flop. 
The number of gating elements required would not be changed, however. 
Since this can be done with all the flip-flops or any combination of them, 
there are at least 2” different rearrangements of any assignment for n 
flip-flops which use exactly the same number of gating elements. 


The number of assignments for three flip-flops which could have differ- 


ent complexities is therefore 5,040, or one-eighth of the total number of 
assignments. For n flip-flops, this number is 


(2" — 1)! 


which is still very large. 

The only reasonable approach, therefore, is to find some criteria which 
can be used to reduce the number of alternatives to be investigated, 
Before going further, however, it is necessary first to show how a straight- 
forward assignment is made. 

Earlier in this chapter a state diagram and transition table were con= 
structed for a circuit which would produce an output following the inpu 
sequences 0101 and 1001. This transition table is shown again in Tabl 


10.17. There are only seven states in this table, since state six was 


Taste 10.17 


Next state Output 




















0 1 0 1 
1 2 3 0 0 
2 5 4 0 0 
3 4 5 0 0 
4 7 8 0 0 
5 8 8 0 0 
7 1 1 0 1 
8 1 1 0 0 

aul Seas OR mea Sern. 


eliminated while simplifying the transition table. As a result, one don’ 
care condition can be assigned, and it can be used as a one or a zero 
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any of the following maps, since it represents a state which never occurs. 
If the following arbitrary assignment is made, 


000 
001 
010 
O11 
100 
101 
110 
111 


RE ONoO PWN 


the resulting transition table can be redrawn as shown in Table 10.18. 
Next, the conditions under which the three flip-flops (2,y,z) are set to one 





TaBie 10.18 
Next state, w Output 
xyz 
0 1 0 1 











000 001 010 
001 100 O11 
010 011 100 
O11 101 110 
100 110 110 
101 000 000 
110 000 000 








ONnNoarRWnN 
oooocooco 
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and zero are obtained. For instance, with a present state of 010 and a 
one input, x is set to one and y and z to zero. This results in the next- 
state configuration which is shown. If the input w is considered as the 
most significant bit of the minterms, these conditions are 


fiz) = 21, 3, 4, 10, 11, 12 
fo(x) = 0, 2, 5, 6, 8, 9, 13, 14 


fily) = 22, 4, 8, 9, 11, 12 

fo(y) = 20, 1, 3, 5, 6, 10, 13, 14 

filz) = 20, 2, 3, 9 

fo(z) = 21, 4, 5, 6, 8, 10, 11, 12, 13, 14 
Output = 13 


The configurations seven and fifteen do not occur, since state 111 is the 
don’t-care condition. 

The maps for the set-to-one conditions are shown in Fig. 10.17 and 
yield the following functions: 
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fx) vz file) = ay'2! + w'a’2 + we'y fix) yz folx) iz 
fily) = y'2'(w + x) + w2'z + oo 1 10 00 =O 1 10 
w' a! ye! W,X 


file) = w's!(y + 2’) + we'y’z 4 


Output = wzz 


The fo functions are the negatives of 
these. 
These functions can be simplified 
considerably if the present state of 
the flip-flop is considered. For i 
stance, if the present state is O11 
and w is zero, the next state is 101, 
If just the next state is examine 
the conditions appear to require that 
x and z be set to one and y to zer¢ 
Actually, however, z is already a one 
so it can be set to one or not, andi 
will be a one as long as it is not s 
to zero. Asa result, separate map} 
must be considered for the set-to 
one and set-to-zero conditions. 
fi(z), for instance, every one tha 
appears in a location on the maj 
where x is already a one can | 
considered a don’t-care conditi¢ 
Similarly, on the fo(x) map, evel 
zero that appears in a_locatio 
representing a present state with al 
x of zero is a don’t-care condition, 
The maps in Fig. 10.18 are con 
structed in this way, and are factoret 
to give the following functions: 


fila) = 2'(w + z)(w’ + y) 
fo(z) = xy + 2) 

fily) = y'(wt z)(v' + 2’) 
foly) = y(w’ + 2')(w +a +4) 
fiz) = w'a’2’ 
folz) = ewt y')(w' +a+y) 


Output = waz 





Fig. 10.18 


represent the conditions under which the flip-flop is set to one and zero 
the conditions for setting to zero. As a result, the f; maps are factored 
in the normal way, but on the fy maps the zeros are the conditions which 
are factored. 

This assignment was selected arbitrarily and uses 37 diodes. If an 


In factoring these maps, it is 
Fra. 10.17 portant to remember that the on 
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additional diode is allowed for each function for gating clock pulses, 48 
are required; the output then takes an additional four for a total of 47. 

Since it is impractical to examine all the possible state assignments, 
some criteria must be developed for selecting good ones. The transition 
table gives the next states for each of the present states and input com= 
binations. On the f; and fy maps, each of these conditions is represented 
by a square, and the two squares which represent state four, for insta 
are adjacent. This is because they differ only in having a zero input Im 
one case and a one input in the other. From Table 10.17, the next 
states for these conditions are seven and eight, respectively. If state 
seven has the assignment 101 and eight the assignment 110, the two) 
adjacent positions represented by state four will both have ones in the @ 





Fig. 10.19 a. State map. 6. Next-state map. 


maps. In the y and z maps, however, they will be different. Since the 
next states appear in adjacent locations on the maps, it would be desirab 
to have them differ in only one variable. 

This can be seen easily if two maps are drawn, one for the present stat 
and one for the next state, as in Fig.10.19. The state map is constructe dL 
by inserting the state number in the location which is its assignment 
In this case, the arbitrary assignment which was used earlier was followed, 
With this assignment, the next-state map entries can be found from the 
transition table. For instance, present state one leads to next states twa 
and three for a zero and one input, respectively. Present state one with 
a zero input is located in the 0000 square of the state map, 80 a two 
inserted in the corresponding space of the next-state map. Similarly, 
three is placed in the 1000 square of the next-state map. 

After these maps are constructed, it is clear that the following pairs ¢ 
states should be given adjacent assignments if possible: 


(2,3) (4,5) (7,8) 



















SEQUENTIAL CIRCUITS 239 


If this is done, these states could be factored together on two of the three 
pairs of maps for f: and fo. The reason for this is that these pairs of next 
states come from a common present state. For instance, state one leads 
to state two or three, depending on the input. If the assignments for 
states two and three differ only in one bit, the squares corresponding to 
state one with a one input and state one with a zero input can be factored 
on two of the three maps. 

A second condition can also be placed on the state assignments because 
sometimes several states lead to the same next state. If all these states 
are adjacent, then all the occurrences of one state will be adjacent on the 
next-state map. For instance, in Fig. 10.19, state one appears in four 
places on the next-state map. If these were adjacent, these four terms 
could be factored on all the f maps. This would be accomplished by 
assigning states seven and eight to adjacent assignments. 

These two sets of conditions can be recognized directly from the transi- 
tion table. They are, however, a little easier to recognize if a list is made 
of the conditions which lead to each state. 


- 7(0,1), 80,1) 
1(0) 


1(1) 

. 2(1), 3(0) 
. 2(0), 3(1) 
4(0) 

. 4(1), 5(0,1) 


ON wwe 


Here, the number in parentheses gives the input conditions. For instance, 
state five is the next state if there is a zero input and present state two 
or a one input and present state three. 

The two sets of conditions can be found from this list in the following 
way: First, when several states all lead to the same next state, they 
should be given adjacent assignments. This means that pairs two and 
three, four and five, and seven and eight should be adjacent. The other 
condition is found by noting the next states which result from a present 
state with both a zero and a one input and giving them adjacent assign- 
ments. For this example, this results in the same set of conditions, 
although it is not often the case. 

These two sets of conditions are often contradictory, so that they 
cannot all be satisfied. One set of conditions can be found directly from 
the transition table by associating the pair of next states in each row. 
Although these conditions are useful, they are not so important as the 
others, so they will be called secondary conditions. The primary condi- 
tions are obtained by listing all the conditions which lead to one next 
state. These conditions should all be satisfied as far as possible before 
attempting to satisfy the secondary conditions. 
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Often the primary conditions can all be met by associating the state: 
together in groups. The arrangement of the groups can then be selected 
which best meets the secondary conditions. 

If the states cannot be associated into groups, various arrangements can 
be made on the state map and the one which best meets the primary and 
secondary conditions selected. 

Before any specific assignment is made, the don’t-care states must be 
introduced. For this case, there are seven states, leaving one availab 
as a don’t-care condition. As long as the primary and secondary condi 
tions are met, there are no other definite rules which can be given fo 
assigning don’t-care states to groups. It is, however, generally helpf 
to use two criteria. First, every group should contain a number of state 
which is equal to a power of two. If this can be accomplished in several 
ways, the conditions should be assigned to the groups with the least 
number of states first. Using these rules, the don’t-care state is assignec 
to the group containing state one. A first assignment can then be mad 
by listing the states by groups and writing the three-bit Grey code as the 
assignment. Use of this code ensures that all states belonging to am 
group are given adjacent assignments as long as all groups contain 
number of states which is equal to a power of two, and the groups a 
listed in order of size. This first assignment is 


000 1. 7(0,1), 8(0,1) 
O01 x. 

O11 2. 1(0) 

010 3. 1(1) 

110 4. 2(1), 3(0) 
111 5. 2(0), 3(1) 
101 7. 4(0) 

100 8. 4(1), 5(0,1) 


This now provides enough information for drawing the state and nex 
state maps, as shown in Fig. 10.20. A third map should also be dray 
which gives the output conditions. 

Using the state and next-state maps, the fy) and f; maps can be con= 
structed. The fo and f; maps are really next-state maps for each of th 
flip-flops. They can then be constructed by noting all those states whieh 
have an assignment with, say, z a one. The f(x) and fi(x) maps 
then drawn by inserting a one in the locations where each of these stat 
appears in the next-state map. A routine way of doing this is to fill i 
one square of all the maps at a time. Looking first at the 0000 positic 
of the next-state map, one sees that two is the next state. Since two 
assigned the configuration 011, a zero is entered in the 2 maps, a one in t 
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y maps, and a one in the z maps in the 0000 location. 
filled in, in order, this same way. 

Many of the entries in all these f maps are don’t-care conditions. . For 
instance, every one on the fi(x) map which is in a location where x is 
already a one need not be covered. Similarly, any zero on the fo(x) map 


All the squares are 





Fig. 10.20 


a. State map. 06. Next-state map. c. Output map. 

where x is a zero can be treated in the same way. If all six maps are 
examined for such conditions and they are crossed out, the maps in 
Fig. 10.21 result. 


Factoring these maps gives the following expressions: 


fi(x) = y 
fo(z) = y’ 
fily) = 2’ 
Soy) = x 


Sil2) = w'a'y’ + y2'(w + x)(w' + 2’) 
Jo(e) = 2(w + 2) 
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This results in a very simple factoring for the z and y maps but leaves the 
z terms more complicated than may be necessary. 

This assignment was selected arbitrarily, with the only restriction that 
the states (1,x), (2,3), (4,5), and (7,8) be given adjacent assignments. 
These are both the primary and secondary conditions for this example. 
Clearly then, there are many possible rearrangements which will meet, 
these conditions, and some of these may result in better factorings for 
thezmap. One possible rearrangement would be to reverse the positions 


f)(x) yz f(y) yz f,(z) 
00 O1 11 10 oo O1 11° #10 

w,Xx 

00 





fo(x) yz fo(z) YZ 
oo Ol €611~6=610 
w,x 
00 





Fia. 10.21 


of the two states in one or more of the groups. Since the two stati 
in any group differ only in the z bit, this will have the greatest effect on 
the z map. It would be desirable, however, to leave the x and y map 
unchanged. 

If the positions of states two and three are interchanged in the stat 
map, several changes will be made in the z maps. In order to see if th 
would change the x and y maps, the locations of states two and three on 
the state map are examined. If the entries in these two locations are th 
same in, say, the f:(x) map, interchanging them will not change it. Sin 
these entries are the same in all four of the x and y maps, they will not 
changed. 
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As a result of this exchange, a new set of maps can be drawn, 
Fig. 10.22. Actually, only the new-state, next-state, and z maps 
be drawn, since the others are not changed. 


fiz) = wa'y’ + w'y2! 
fo(z) = 2(w’ + x) 





00 O1 11: «#210 oo Ol 611) 610 
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This has resulted in some improvement, and a further gain can be 
by exchanging states four and five. This results in the z maps in 
10.23 and the following functions: 


fiz) =y 
fo(z) = y’ 
Sify) = 2’ 
foly) =z 


f(z) = wa'a! 
fo(z) = z(w + y’) 
Output = wy’z 


Considering clock-pulse gating, these functions use 21 diodes, represen’ 
a very substantial saving over the arbitrary assignment, which used 
The circuit for this assignment is given in Fig. 10.24. 





ee eee 
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This assignment may still not be the best, since relative placement of 
the various groups was chosen at random. There are six ways that these 
can be rearranged, and each of these could next be tried to see if abetter 
answer results. 

There is no way of knowing if this circuit is minimum without trying 
all possible assignments. This would be a long and tedious job even for 
such a simple circuit, since there are over 5000 different assignments which 


on 








Qnx< 


—))\— Output 


Inputs 


w 
y’ 
z 
cP 
Woe a 
v—— 


Fie. 10.24 


could be made. The method outlined here, however, leads rapidly to an 
economical assignment. 

A further problem in state assignment is that simpler final circuits can 
often be obtained if the number of states is not completely minimized. 
For instance, an assignment was just made for a seven-state system, and 
this required 21 diodes. If the state diagram had not been simplified 
but had been left with eight states, a three flip-flop shift register would 
have sufficed. In this case, however, the output gating would have been 
more complicated, so that the total number of gating diodes would still 
be 21. This circuit would not have completely satisfied the circuit 
requirements, because it would give an output every time the four most 


i 
' 
I 
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recent inputs were 1001 or 0101 but would not count out groups of four. 
As a result, to duplicate this sequential circuit completely would require 
a two-stage counter and further gating. 

It is often possible to design a given circuit with a shift register, and 
this should be investigated as soon as the required number of flip-flops 
can be determined from the number of states. If both a counting and a 
gating operation are required of the same circuit, however, this is usually 
not possible. 

Example 10.4 Design a sequential circuit which will give an output 
whenever two ones are followed by at least two more ones out of the next 
four. If two ones do not occur, the circuit is to start examining the next 
group of six inputs whenever two ones do occur. 

The state diagram is designed and reduced by the methods described 
earlier, leading to the diagram in Fig. 10.25 and the transition table in 
Table 10.19. The states are next listed, together with the states which 
lead to them: 


- 1(0), 2(0), 9(0,1), 10(0,1), 11(0,1) 
. 10) 

. 2(1) 

3(1) 

3(0) 

4(1) 

- 4(0), 5(1) 
5(0) 

- 6(0,1), 7(1) 
. 7(0), 8(1) 

. 8(0) 


ae ee ee ee ee ne ee 
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FOOD MNOURWNe 


_— 


Tasie 10.19 





The two sets of conditions which can be found from this are first the 
primary conditions 


Next state Output 










_ 


iL 


o 


(1,2,9,10,11) (4,5) (6,7) (7,8) 








and the secondary conditions 


(1,2)(1,8)(4,5) (6,7) (7,8) (9,10) (10,11) 






The first conditions consist of those states which all lead to any one next 
state. The second are made up of those next states which have a common 
previous state. A reasonably good assignment should result in all the 
members of any group being adjacent to the other members of the same 
group. 

Since there are eleven states, four flip-flops are required. This gives a 
total of 16 states, leaving five don’t-care conditions to be assigned to the 
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various groups. To start with, (6,7,8) should be grouped together, 
that one don’t-care condition will be required to make the number 
members of this group a power of two. Also, (1,2,9,10,11) should f 
a group, and this will require three don’t-care conditions. The 
(4,5) does not need a don’t-care condition, since it already has 
members. State three is the only one left, and it should be given | 
assignment which is adjacent to state one. Since three forms the s 
group, the last don’t-care condition is assigned to it. This leaves 
following: 


A. 1, 2, 9, 10, 11, x, x, x 
B. 6, 7, 8, 

C. 4,5 

D. 3,2 


At this point, a particular arrangement of the states within the gr 
can be selected on the basis of the secondary conditions. One wa, 
doing this is as follows: 


0000 
0001 
. OO11 
. 0010 
0110 
0111 
0101 
0100 
1100 
1101 
1111 
1110 
1010 
1011 
1001 
1000 


= — 


PR APR ONODARRESONE 


Before writing the Grey code next to this list of states it is impo 
first to make sure that the conditions are truly met. This can of 
accomplished by listing the classes in order of size. 

The state, next-state, and output maps are shown in Fig. 10.26. 
this point, the output map can be examined to see if it can be simp 
If states nine and ten were exchanged with 11 and z, there would 
improvement, so this is done, as shown in the new maps in Fig. 1¢ 
Here the output function is w'x(v + z). The f maps are next co 


ee ee ee ee i os ce ee 
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XYZ 
000 001 O11 O10 110 4111 +101 100 


v,W 
00 






01 


X%,Y,Z 
000 001 O11 O10 110 4111 «+101 + #100 


v,w 


00 


01 





XYZ 
000 001 O11 O10 4110 111 #101 + #100 





Fic. 10.26 a. State map. b. Next-state map. c. Output map. 
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XYZ 
000 001 O11 O10 110 111) #101 100 


v,w 
00 


01 





YZ 


000 001 O11 O10 +4110 #%W1 101 100 





X,Y,Z 
000 001] O11 O10 +4110 #%&WWt 101+ 100 





(c) 


Fic. 10.27. a. State map. 6. Next-state map. c. Output map. 
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XYZ 
v.w 000 001 011 010 110 111 101 100 





(a) 


XYZ 





(c) 
XYZ 
000 001 011 010 110 111 101 100 


v,W 





J of} x] x] 
(ia B[xpe «px ty 
etxfofol x[xfaty 
jofolxfofolol xx] 


(e) 
XYZ 
000 001 011 010 110 111 101 100 


ees 

petal sf ofel 
xP Pop x[e fx] 
Lfo[xfofofo} x] 


(g) 





ele 











Cte 9 






Fie. 10.28 a. filw). db. fo(w). ec. filx). 


h. fo(z). 


00 [x [x [Poff of oy x |x| 


XYZ 
vw 000 001 O11 010 110 111 101 100 


oo] x |x| x | x [xT xT x] 
0 art pole fol 
py oe ER | | 
vol x] 1] x] x ffx] xf 


(b) 








XYZ 
vw 000 001 O11 O10 110 111 101 100 


00 | x |x| x| x [fo Toff x [x] 
a1 Petal Te ef 
mi xt xd feat [a 
ro] x] x} x[ x flo fll x] x) 


(d) 













XYZ 
Ww 000 001 O11 10 110 111 101 100 








? OGG Gene 
y Googie in 


[x] xxl] 
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000 001 011 010 110 111 101 100 


X,Y, Z 










«fo [x] x || x [o Tx] x] 
oft Wp ya xf o [olf 
x fel] «| x] o [ra | 
[lef] 
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from the state and next-state map, as shown in Fig. 10.28. These maps 
are then factored, giving the functions 


fi(w) = va'z 


fo(w) = x 

fi(x) = wa'y 

fo(z) = ry(v’ + wv’) 
fily) = wy’ 


foly) = yw’ + 2’) + w’ + 2’) 

fil2) = v'wa’ + y’e'(a@ + v)(a@ + wv’) 

fo(z) = 2(w’ + a)(v' + a’ + y) 
The first circuit for these functions is shown in Fig. 10.29 and uses 58 
diodes. This is certainly not the best circuit for this problem, but it has 


¥, x 
I=) wots 
cP 





w 
¥ cP Output 
z 


Fig. 10.29 


been obtained by a straightforward procedure. There are many possible 
rearrangements of the groups of states, and they can be examined un 
a better solution is found. 





SEQUENTIAL CIRCUITS 253 


10.6 Summary 


Sequential circuits are used in many types of digital equipment, but 
particularly in communications systems and checking devices. For 
most such circuits, a particular logical configuration is immediately sug- 
gested by the problem statement, but this often requires more flip-flops 
than are really needed. The design techniques outlined in this chapter 
provide a way of truly minimizing the number of flip-flops used, but often 
at the expense of logical gating circuitry. 

The first step in the design of a sequential circuit is to define the desired 
operation in an unambiguous way. The state diagram represents such a 
definition and consists of a drawing of all the required system states 
together with the input conditions which cause changes from one state to 
another and produce outputs. The next step is to list all these states on 
a transition table, as well as the states that they lead to, the outputs, and 
the input conditions for each transition and output. After this is done, 
the transition table can be minimized. 

Most sequential circuit transition tables can be reduced by simply 
comparing the entries for each state. If the next-state and output 
entries are the same for two states, they both can be replaced by one state 
everywhere they occur in the table. This process is continued until no 
more states can be eliminated. 

The resulting table is usually completely reduced, but sometimes 
further simplification is possible. This is achieved by dividing the states 
into output classes and constructing a new transition table which is com- 
posed of next-class entries. The necessary conditions for two states to 
belong to the same output class is that they provide the same outputs 
and lead to identical next classes. New output classes are therefore 
added until these conditions are satisfied. The resulting table is mini- 
mized by using one state for each of the final output classes. 

The assignment problem is the last and most difficult part of the 
sequential-circuit-design process. Here, binary combinations of the 
various flip-flops are assigned to each state of the transition table, and 
the final gating structures designed. Although there are a very large 
number of possible different state assignments, a reasonably good assign- 
ment can be obtained quickly by a moderately simple procedure. 

The procedure starts by using a primary set of conditions to associate 
states which have a common next state into classes. Similarly, states 
which have a common previous state are associated by the secondary 
conditions. Don’t-care conditions are next assigned to the classes which 
have a common next state. This is done in an arbitrary way, with the 
conditions that every class should have a number of members which is a 
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power of two and the smallest classes should be made larger. The classes 
are then listed in order of size, and their members rearranged to meet the 


primary conditions and then as many of the secondary conditions as— 


possible. The Grey code is then written beside this list of states and 
don’t-care conditions to complete the assignment. The circuit can then 
be designed, and if it is not simple enough, other assignments can be made 


in the same way. 


PROBLEMS 


10.1. Draw and minimize a state diagram and table for a circuit which provides an 
output after four pulses if the first input is a one followed by at least two ones out of 
the following three inputs or if the first input is a zero followed by at least two zeros 
out of the following three inputs. After each group of four pulses, the circuit returns 
to the initial state and starts over. 

10.2. Draw and minimize a state diagram and transition table which will give an 
output whenever a group of five pulses does not contain three consecutive ones, 
The circuit is to examine five inputs and then return to the initial state to examine the 
next group of five. ; 

10.3 Draw and minimize a state diagram and table for a circuit which provides an 
output when a group of seven inputs contains exactly five ones as long as the group 
starts with two ones. If there are not two ones starting a sequence, the circu 
should examine the next group of seven which starts with two ones. 

10.4 Draw and minimize a state diagram and table for a circuit which provides 
output if at least five out of seven inputs are ones, starting with two ones, or at | 
six out of eight inputs are zeros, starting with three zeros. If a sequence does 
start with either two ones or three zeros, the next sequence starting with one of t 
combinations should be examined. if 

10.5 Minimize the transition table in Table 10.20 by dividing the states in’ 
output classes. Draw the corresponding simplified state diagram. 























Taste 10.20 
Next state Output 

0 1 0 1 
1 7 5 0 0 
2 8 + 0 1 
3 1 6 0 0 
4 if 6 0 1 
5 2 1 0 0 
6 2 5 0 0 
7 8 4 0 1 
8 3 6 0 1 
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10.6 Minimize the transition table in Table 10.21 by dividing the states into 
output classes. Draw the corresponding simplified state diagram. 








TaBLE 10.21 
Next state Output 

0 1 0.7 A 
1 3 5 0 0 
2 6 5 0 0 
3 2 5 0 1 
4 7 5 0 1 
5 7 2 0 1 
6 4 5 0 0 
7 i 5 0 0 














10.7. Minimize the transition table in Table 10.22 by dividing the states into 
output classes. Draw the corresponding simplified state diagram. 








TaBLeE 10.22 
Next state Output 

0 1 0 1 
1 1 6 0 0 
2 1 8 0 0 
3 2 4 0 0 
4 5 7 0 0 
5 5 9 0 0 
6 7 5 0 0 
7 3 2 1 1 
8 3 4 1 1 
9 8 1 0 0 














10.8 Construct and minimize a transition table for a circuit which provides an 
output if the previous input was a one or if the two before were different. The most. 
recent input does not affect the output, and the circuit is to produce this output 
whenever this combination of inputs has occurred. Show the simplified transition 
table and state diagram. 

10.9 Construct and minimize a transition table for a circuit which provides an 
output if the first of the last four inputs was a one followed.by at least two ones out 
of the next three or if the first was a zero followed by at least one one out of the next 
two. The circuit is to produce an output whenever this combination of inputs has 
occurred, Show the simplified transition table and state diagram. 
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10.10 Construct and minimize a transition table for a circuit which provides an 
output whenever there have been at least two adjacent ones out of the most recent 
five inputs. Show the reduced transition table and the corresponding state 
diagram. 

10.11 Construct and minimize a state diagram and transition table for a circuit 
which provides an output after four inputs if these inputs were any of the binary 
equivalents of the decimal numbers 2, 3, 6, 9, or 11. Use the condition that the input 
sequence cannot start with 11 or 000 in any one group of four inputs in order to reduce 
the circuit as much as possible. After each group of four pulses, the circuit returns to 
the initial state and starts examining the next group. Consider the first input as the 
most significant bit of the binary number. 

10.12 Construct and minimize a state diagram and transition table for a circuit 
which remains in its initial state until a one is received and then produces an output 
after the following four pulses if they were the binary equivalents of the decimal 
numbers 5, 7, 9, 12, or 14. At the conclusion of each such group of five pulses, the 
circuit returns to the initial state and starts over. Use the condition after the initial 
one that four-bit binary numbers equivalent to 3, 6, 8, 10, or 11 cannot be received ag 
inputs. 

10.13 Construct and minimize a state diagram and transition table for a circuit 
which produces an output after the sequence 101 followed by exactly one one out of the 
next four inputs or after the sequence 010 followed by at least two ones out of the next 
three inputs. The circuit is to return to the initial state at the conclusion of these 
cycles or as soon before as it can be determined that no output will be produced. In 
order to simplify the circuit, use the conditions that if the sequence starts with 101, no 
two consecutive ones will be received, or with 010, no two consecutive zeros will be 
received before returning to the initial state. 

10.14 For the transition table in Table 10.23 give the conditions which should be 
satisfied for a good initial-state assignment. Show one state map and one next-state 
map which satisfy as many of these conditions as possible. 




















Tasie 10.23 TasLe 10.24 

Next state Next state 

0 1 0 1 
1 1 3 1 1 2 
2 8 2 2 3 4 
3 1 6 3 5 6 
4 4 5 4 1 3 
5 2 8 5 5 6 
6 5 4 6 4 2 
7 1 6 peti Se 
8 1 v4 








10.15 For the transition table in Table 10.24, give the conditions which should 
satisfied for a good initial-state assignment. Show one state map and one next-sta' 
map which satisfy as many of these conditions as possible, 
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10.16 For the transition table in Table 10.25, draw a state and next-state map for 
every assignment which could require a different number of gating elements. Indicate 
the one assignment which best satisfies the initial assignment conditions. 

10.17. For the transition table in Table 10.26 show two state and next-state map 
assignments which meet all the primary conditions. 

















TasiE 10.25 TasLe 10.26 

Next state Next state 
0 1 0 1 
1 2 3 1 2 3 
2 2 4 2 4 5 
3 1 4 3 6 1 
4 1 3 4 6 7 
a 5 5 7 
6 1 1 
7 1 2 

el ee 





10.18 Design a circuit which will give an output whenever the four most recent 
inputs were the binary equivalents of the decimal numbers 3, 4, 6, 9, or 13, with the 
most significant bit first. First design a shift register for this function, draw the state 
and next-state and f maps, and show how many of the primary and secondary condi- 
tions this satisfies. Next make a different assignment from the transition table which 
satisfies all the primary and secondary conditions, and show the state, next-state, and 
f maps. 

10.19 Design a circuit which will give an output if a series of five pulses contains 
at least two ones as long as the first pulse was a one. At the end of five periods, the 
circuit returns to the initial state and remains there until the next one, when the 
sequence starts over. Show several state and next-state maps which satisfy all the pri- 
mary and secondary conditions, and obtain the fo, f:, and output functions for the 
assignment which appears best. 

10.20 Design a circuit which will give an output if a series of four pulses starts 
with a one and is followed by at least two consecutive ones or two consecutive zeros 
out of the next three pulses. Following this it returns to the initial state and remains 
there until a one input starts the next sequence. Obtain the f and output functions 
for the best assignment. 

10.21 Design a circuit which will give an output if an input sequence starts with 
101, followed by the four-bit binary equivalents of the decimal numbers 3, 5, 9, 12, or 
15. Ifa sequence does not start with 101, the system is to return to the initial state 
and start examining the next sequence. Show the f and output functions as well as the 
state and next-state maps. 
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Absorption, law of (see Law) 
Addition, binary (see Binary addition) 
binary-coded decimal (BCD), 74 

correction for, 122-123 
decimal, 3 
excess-three, 75 
on maps, 164 
octal, 4 
And gate, 117 
symbol for, 118 
Anode of diode, 117 
Antisymmetric relation, 19-20 
Antisymmetrical elements, 161 
Assignment, in iterative networks, 192- 
194 
in sequential circuits, 233-254 
grey code in, 240 
Assignment criteria, 238-239 
Associative law, 20 
Asynchronous circuits, 213 
Asynchronous operation of computers, 
188 


Back contact, definition, 42 
Base of transistor, 126 
Bias of switch core, 171 
Bilateral elements, 161 
definition, 49 
Binary addition, dynamic circuit, 206— 
209 
pulse circuit, 201—204 
transistor circuit, 198-200 
Binary arithmetic, addition, 4 
division, 8 
multiplication, 6 
square root, 9 
subtraction, 6 
Binary-coded decimal code, 73 
addition, 74 
correction of, 122-128 


Binary-coded decimal code, conversion 
to excess-three, 120-122, 127-128 
subtraction, 74 
Binary counter, 11 
Binary-to-decimal conversion, 4 
Binary multiplication, 6 
Binary numbers, 4 
negative powers, 7 
Binary point, 7 
Binary square root, 9 
Binary subtraction, 6 
Binomial coefficient, 66-67 
Boolean functions, n variables, 28 
Boolean matrix (see Matrix) 
Boolean relations, summary, 39 
Branch, definition, 54 
Bridge circuit, definition, 49 
negative form, 54 


Canonical forms, 27-36 

one’s complement in, 34 
Canonical transformations, 32-36 

examples, 35-36 

rules for, 35 
Carry, in decimal addition, 3 

dynamic circuit, 206-209 

pulse circuit, 201-204 

transistor circuit, 198-200 
Cascaded dynamic networks, 204—209 
Cascaded pulse networks, 201-204 
Cathode of diode, 117 
Cells in iterative networks, 188 
Circuit, asynchronous, 213 

bridge, 49, 54 

combinational, 212 

dynamic (see Dynamic circuits) 
Class, definition, 13 

empty, 17 

maximum, 16 

minimum, 15 
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Class, output, 226-230 
state, 226-230 
universal, 14, 17 
Clock phases, 204 
Codes, binary-coded decimal, 73 
error-correcting, 85-89 
error-detection (see Error detection) 
excess-three, 75 
optimum-radix, 71 
two-out-of-five, 72 
Coefficient, binomial, 66-67 
Collector of transistor, 125 
Combinational circuits, definition, 212 
Combinations, 65-68 
equations for, 66-67 
table, 68 
Commutative law, 20 
Connection matrix, 134-136 
Consistency relations, 21-22 
Control winding of switch core, 171 
Conversion, binary to decimal, 4 
octal to decimal, 4 
Core switches, 171-179 
symbol for, 172 
Correction of addition, 122-123 
Counter, binary, 11 
Criteria, assignment, 238-239 
Cross products, in node insertion, 146-148 
valid criteria, 155 
(See also Sneak paths) 


Decimal numbers, 3 
Decimal square root, 8 
Decoder, transistor circuit, 129-131 
Delay line in dynamic circuits, 204 
Delays in transistor logic, 132 
DeMorgan’s theorem, 22 
Dependent probability, 69 
Diode, anode for, 117 
cathode of, 117 
logic, 116-124 
for sneak paths, 180-184 
symbol, 117 
Distributive law, 21 
Division, binary, 8 
Don’t-care conditions, on maps, 100-102 
in multiterminal networks, 168 
in sequential assignment, 240 
in state diagrams, 230-233 
in three-level factoring, 110-114 


Double-cell networks, 193-196 
Duality principle, 23 
Dynamic circuits, 204-209 
for binary addition, 206-209 
delay line in, 204 
Dynamic flip-flop, 204 





Elements, antisymmetrical, 161 
bilateral, 49, 161 
redundant, 148-153 
symmetrical, 161 
Elimination, of node, 140-146 
of sneak paths, 179-184 
Emitter of transistor, 125 
Emitter follower, 125 
Empty class, definition, 17 
Equations for combinations, 66-67 
Error-correcting codes, 85-89 
Error detection, in excess-three code, 75 
with modulo-nines checking, 80-82 
with parity checking, 83-85 
in two-out-of-five code, 72 
Excess-three code, 75 





Factorial, 65 
Factoring, multilevel, 109-114 
three-level, don’t-care conditions in, 
110-114 
Flip-flop, definition, 10 
dynamic, 204 
Front contact, definition, 42 
Functions, for n variables, 28 
output, general matrix form, 153 


Gate, and, 117, 118 
inverter, 125-131 
or, 117, 118 

Grey code, 109 
in state assignment, 240 


Hamming code, 86-89 
Hamming distance, 86 
Hysteresis, 171 


Idempoint relations, 20 
Inclusion, definition, 19 
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Independent trials, 69 
Initial state, 214 
Insertion of node, 146-148 
Inverter gates, 125-131 
size limits, 127 
Inverting level logic, 196-200 
Iterative networks, 188-196 
assignment in, 192-194 
cells in, 188 
state diagram in, 192-193 


Karnaugh, M., 91 

Karnaugh maps, five-variable, 104-107 
four-variable, 96-103 
negative factoring, 05-96 
six-variable, 107-108 
three-variable, 93-95 


Law, of absorption, 22 
use, 37-38 

associative, 20 

commutative, 20 

distributive, 21 
Level logic, inverting, 196-200 
Limits of matrix terms, 153-154 

determination, 154 

for multiterminal matrices, 156-157 
Literal, definition, 24 
Loading rules, transistor logic, 132 


McCluskey, E. J., 91 
Magnetic core switches (see Core 
switches) 
Magnetic saturation, 171 
Matrix, 124 
connection, 134-136 
minors in, 137-140 
modification, 153-157 
node in, 135 
output, 136-140 
primitive, 136 
summary of types, 140 
Maximum class, 16 
Maxterm form, conversion to minterm, 
34-36 
definition, 80 
expansion to, 80-31 
general expansion, 80 


Mealy, G. H., 212, 226 
Minimizing chart, 91 
Minimum class, 15 
Minimum number of springs, 162 
Minors, in Boolean matrices, 137-140 
reduction by, 139-140 
Minterm form, conversion to maxterm, 
34-36 
definition, 27 
expansion to, 28-30 
general expansion, 28 
Modulo, definition, 3 
Modulo-nines checking, 78-82 
Modulo-three sum, dynamic network, 
205-206 
pulse network, 201 
transistor network, 196-198 
Multilevel factoring, 109-114 
Multiplication, binary, 6 
on maps, 164 
Multiterminal networks, with compls- 
mentary outputs, 59-61 
negatives, 58-59 
relay example, 168 
switch-core example, 178-179 


Negation, definition, 18 
DeMorgan’s theorem, 22 

Negative of bridge network, 54 
examples, 55-57 

Next state, 215 
map, 238 

Nines complement, 73-74 

Node, in Boolean matrix, 135 
definition, 54 
elimination, 140-146 
insertion, 146-148 
terminal, 140 

npn transistor, 126 

Numbers, binary, 4, 7 
decimal, 3 
octal, 4 


Octal-to-decimal conversion, 4 
Octal numbers, 4 
One’s complement in canonical forms, 34 
Operated group, 190-191 
Or gate, 117 
symbol for, 118 
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Output classes, 226-230 
Output function, general matrix form, 153 
Output matrix, 136-140 


Parity checking, 82-85 

circuit for, 123-124, 128 

error detection with, 83-85 
Permutation, 64 
Phases, 204 
pnp transistor, 126 
Point, binary, 7 
Primary assignment conditions, 239 
Primitive connection matrix, 136 
Probability, dependent, 69 
Pulse networks, for binary addition, 201- 

204 
cascaded, 201-204 


Radix, definition, 4 
Rectangular redundancies, 148-153 
Reduction by minors, 139-140 
Redundant elements, determination, 
148-153 
Redundant states, 220-230 
Reflexive property, 19 
Relation, antisymmetric, 19-20 
Boolean, 39 
consistency, 21-22 
idempoint, 20 
transitive, 20 
Relay, logical representation, 42 
Relay trees, 61 


Saturation, magnetic, 171 
Secondary assignment conditions, 239 
Seman, W. L., 153 
Sequential circuits, assignment in, 233- 
254 
types, 221 
Sequential state diagram, 217-225 
Sneak paths, 179-184 
Spring, count, 148-149 
definition, 42-43 
minimum number, 162 
Square root, binary, 9 
decimal, 8 


State assignment, 233-254 
grey code in, 240 
State classes, 226-230 
State diagram, don’t-care conditions in, 
230--233 
in iterative networks, 192-193 
sequential, 217-225 
State map, 238 
States, removal of, 220-230 
Subtraction, binary, 6 
binary-coded decimal, 74 
Summary of Boolean relations, 39 
Superconductors, 187 
Switch core, bias of, 171 
control winding of, 171 
Symbol, for core switches, 172 
for diode, 117 
for gates, 118 
transistor, 126 
Symmetrical elements, 161 
Synchronous circuits, 213 


Table of combinations, 68 
Tens complement, 74 
Terminal node, 140 
Terminated group, 191 
Transfer contract, definition, 42 
Transformation (see Canonical transfor- 
mations) 
Transistor logic, for binary addition, 198- 
200 
cascaded, 196-200 
delays in, 132 
rules, 132 
Transistor symbol, 126 
Transition table, 219 
Transitive relation, 20 
Tree networks, 61 
Two-out-of-five code, 72 


Universal class, definition, 14, 17 
Unterminated group, 191 


Veitch, E. W., 91 
Venn diagram, definition, 14 








